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Presentacion

Esta edicion especial de la Revista Tecnocientifica URU se presenta en ocasion del 76 aniversario del Dr.
Shyam L. Kalla, habiendo dedicado mas de cincuenta afios al desarrollo de la investigacion matematica.
El Dr. Kalla es nacido en la India, pero es venezolano de corazon.

Durante los quince afios que estuvo en Venezuela formo parte del personal docente y de investigacion
de la Universidad del Zulia, dejando como legado la formacion de un grupo de investigadores que dio
origen al Centro de Investigacion de Matematica Aplicada, donde se han producido un gran numero de
investigaciones enmarcadas en diversas areas a fines.

El Dr. Kalla continuaria su labor en otros paises, en los cuales ha dejado huellas de su talento y su gran
virtud para la formacion de investigadores.

Ha publicado trabajos en diversas areas como Funciones Especiales, Ecuaciones Integrales, Transforma-
das Integrales, Calculo Fraccional y Aproximacion de Funciones, entre otras, en revistas cientificas de
reconocido prestigio.

Agradecemos a los autores y arbitros, tanto nacionales como internacionales su valiosa colaboracion para
concretar, esta Edicion Especial en el area de Matematicas, la cual presentamos a la comunidad cientifica

La Universidad Rafael Urdaneta consciente del aporte del Dr. Shyam L. Kalla al desarrollo de teorias y
aplicaciones en Matematica, decidio constituir un Comité Organizador para producir esta Edicion Espe-
cial en honor a tan ilustre profesor.

Prof. Susana Salinas
Presidenta

Prof. Leda Galu¢
Prof. Gladys Quevedo
Prof. José L. Machado

Prof. Ginés Alarcén
Prof. Johnny Araque



Prof. Salvador Conde
Secretario-Académico
Universidad Rafael Urdaneta
Maracaibo, Zulia-Venezuela

Dear Professor Conde,
Thank you very much for publishing a special issue of the journal:

Revista Tecnocientifica URU
Universidad Rafael Urdaneta
Facultad de Ingenieria

N° 6 Enero - Junio 2014

dedicated to me. This is great honor for me and | feel privileged and honored.
Thanks for writing nice presentation for this special issue. Please convey my
thanks and regards to members of the Editorial Board.

As a matter of fact, | enjoyed my stay in Maracaibo and | have had
opportunity to work with very talented a dedicated researchers of LUZ
and URU.

Best wishes and regards.
Shyam Kalla
Professor Shyam L. Kalla

Ph.D., D.Sc. F.N.A. (Argentina & Ukraine)
Department of Mathematics, VIHE



Dr. Shyam Lal Kalla

El Dr. Shyam Lal Kalla es un notable matematico nacido en la India, pais en el cual realiz6 su
educacion y donde recibid los titulos de PhD en Matematicas, en la Universidad de Rajasthan
(1967) y Doctor en Ciencias Matematicas de la Universidad de Jodhpur (1976).

Desde su graduacion el Dr.Kalla se ha dedicado a la docencia y la investigacion, campos en los
cuales ha tenido una actuacion extraordinaria. En este sentido, ha sido profesor e investigador en
Matematicas en las Instituciones siguientes: Departamento de Educacion de Rajasthan (India),
Instituto Nacional de Tecnologia en Jaipan (India), Universidad de Jodhpur (India), Universidad
Nacional de Tucuman (Argentina), Division de Posgrado de la Facultad de Ingenieria de la Uni-
versidad del Zulia (Venezuela) y el Departamento de Matematicas y Ciencias de la Computacion
de la Universidad de Kuwait. Actualmente se desempena como profesor en el departamento de
Matematicas del Instituto Vyas de Educacion Avanzada de Jodhpur (India).

En todas estas instituciones desarroll6 amplias actividades de docencia e investigacion, fomen-
tando y creando grupos de investigadores que han alcanzado resonancia mundial.

Es autor o coautor de mas de 400 trabajos en las areas de Funciones Espaciales, Transformacio-
nes Integrales, Ecuaciones Integrales, Calculo Fraccional, Transferencia de Calor, Problemas de
Valores Limites, Polinomios Ortogonales, Ecuaciones Diferenciales, Expansiones Asintoticas,
Teoria de Probabilidades y Modelaje Matematico, los cuales se han publicado en una gran va-
riedad de revistas nacionales e internacionales.

Debido a este fecundo trabajo, ha sido merecedor de los siguientes premios y honores: Premio
de Investigacion Andrés Bello en LUZ, Venezuela 1983,1984 y 1994, Individuo de Numero de
la Academia Nacional de Argentina desde 1984, Premio Francisco Eugenio Bustamante de la
Universidad del Zulia, Venezuela en 1992 y Profesor Honorario en la Division de Matematicas
del Instituto para la Ricerca di Base, en Monteroduni, Italia. [gualmente ha sido profesor visitan-
te en diversas instituciones académicas de Europa, Asia y América Latina y miembro de varias
instituciones académicas y profesionales.

Durante su estadia en Venezuela por 16 afos en la Facultad de Ingenieria de la Universidad
del Zulia, el Dr. Kalla desarrolld una labor encomiable como Profesor de Matematicas en la
Division de Posgrado y se dedico a formar y dirigir una apreciable cantidad de investigadores
en diversas areas de las Ciencias Matematicas, los cuales hoy desarrollan sus trabajos en la
Universidad del Zulia y en la Universidad Rafael Urdaneta. Pero, sobre todo, fue valiosisima
su contribucidn al fortalecimiento de la Revista Técnica-Cientifica de la Facultad de Ingenieria
y la creacion del Centro de Investigaciones en Matematicas Aplicadas (CIMA) que hoy, bajo la
direccion de sus antiguos alumnos, continua realizando una labor encomiable en su campo

Sin lugar a dudas, el Dr. Kalla sera recordado por su creacion intelectual y su extraordinaria
generosidad en su relacion formadora y generadora de conocimientos con sus discipulos de
América, Europa y Asia.

Profesor Salvador Conde
Secretario Académico
Universidad Rafael Urdaneta
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Sobre una generalizacion de la funcion
hipergeométrica de Gauss

Nina Virchenko

Dedicated to Professor Shyam Kalla
On the occasion of his 76® birthday

Phys.-Math. Department of National Technical University of Ukraine
“KPI” — Kyiv — 03056, Ukraine.
nvirchenko@hotmail.com

Recibido: 29-08-2013 Aceptado: 13-03-2014

Resumen

. .y .y . yo T
El trabajo trata una nueva generacion de la funcién hipergeométrica de Gauss, F’ p (a,b;c,z). Se demues-
tran las propiedades basicas de esta funcion (representacion en serie, formulas diferenciales, relaciones fracciona-
les, representacion integral, relacion de tipo Erdelyi).

Palabras y frases claves: r-funciéon hipergeométrica, funcion gamma (7,5), — funcién hipergeométrica
confluente.

On one generalization of the Gauss’
hypergeometric function

Abstract

The paper devoted to the new generalization of the hypergeometric Gauss’ function, rF i (a,b;c,z). The
basic properties of this function (the representation by series, the differential formulas, the fractional relations,
integral representations, the relation of type Erdelyi) are proved.

2000 Mathematical Classification: 33C05, 33C20, 33B15.

Key words and phrases: 7 - hypergeometric function, gamma-function, (7 ), — confluent hypergeometric
function .

Introduction

Further studying of the special functions is prospective and very useful for the different branches
of science.

The continuous development of the mechanics of solid medium, mathematical physics, probabil-
ity theory, aerodynamics, astronomy and others has led to the generalization and creation of new classes
of special functions [1], [2], [3].

It this article we consider the » — generalized Gauss’ hypergeometric function, its properties.

11
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Main results

Let us consider the » — generalized Gauss’ hypergeometric function in the following form:

©.p e o) — b-1 c—b-1 - 1
FP(a,b;c;z) = e _b)jt A=) (1= zt)™ (1)

><CDT r
(- t) -

where Rec>Reb >0, {Z’ ﬂ}CR >0,7-pB<Lr>0;r=0, |z|<1 Rey >Rea >0, is the classical beta-
function [5], ,@{#(...) is the (7 /) generalized confluent hypergeometric function [4]:

(c;T
((92))

T l 1 a— c—a— T
|®1’ﬁ(a;c;2)=m£t "= I‘Pl{ zt }dt, ()

where |V, (...) is the Fox-Wright function [1]. As 7= #=1,a =y in (1) we have:

F(a,byc;z) = A=) (A= zt) e "t 3
Flabie;z) = (b_b)j()<z) (3)
As = 1,7=0in (1) we have the Gauss’ hypergeometric function F(a,b,c,z) [5].

Theorem 1 (on the representation of the function F & (a,b,c;z) by the series).

As the conditions:

reCr>0;r=0,z 4)

{r.B} cR,r>0,0- <1, Rey>Rea >0

the following formula for F 2 (a,b;c,z) is valid:

7, . e — Zn

FoP(a,b;c;z) = B _b)Z( )u +pBL(b+n,c—b; r)n! (5)

where (a), is the Pochhammer’ symbol, , , B’(...) is the (t.p) - generalized beta-function [4]:
1

s Bl i) = [ (1-0" @) [a;y, j , (6)
0 o (1-1)°

here Rex>0,Rey>0,0>0,0>0, lcl)f’ﬂ (...) is the function (2). The series (5) converges absolutely as
|z‘ <1.

Proof. Using the function , , B} (x,y;r;5;®), its properties, the legality of interchanging the or-
der of integration and summation, we have:
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0

By by _X
S T —b)F(a Boe—pr@= o’ .

Xb+nl c—b-1 7,p r —
- ot s o

n

Z(a) 37 b+n,c— br)z

nrﬁa l’l'

Let us prove absolute convergence of series (5) as |Z‘ < 1. The series (5) is the power series:

rF”ﬂ(a,b;c;z) =AY c,z",

n=0

where

1 C(a+n), zBl(b+n,c=byr) .
=, cn: =
B(b,c—b)'(a) n!

Let us consider asymptotic behavior of ¢, as n — oo. Using the formula for I' — function [5]:

1
I'(z)= \/522_5672[1 +0(z )],z >,

we receive:

I'y)>T(a+kr) F(b (a-k+n)(- r)
M)z Ty +kp) F(a+b 2k +n)k!

TﬂBg( +nb )

+n

T e etk THM-br@n-k "
TS TG+ kB \yr(— b+ k2m G+ b — 2k +n)

~ 1 X
+b—2k-+n—

y e () C()D(B)T(1-b) & T(a + k) y
e itk k) (o)’ i (Y +kpB)

l-a
™ )
0,1—y,b

where G;”:]”['__] is the G-Mejer’ function [1].

L _Torera-b . {
7 1,3
TA-b+k) k! T(a)®

By the help of formula [1]:

(7
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1-b,..,1-b,
z(l-ay,...1-a,

a,...,d, 1
Gm,n z Gmn
P4 by,

we have as n — .

B (a e nbir) = FOTOITAD) Gl{ ,y,l—b}:
C(a)n” m| «a
_IrGra-5rd-nre) _roriera-mHra-y _
I(a)n” r(l-a) () (1-a)n’ n’’

where

_Tr@ra-mHra-y)
INa)I'l-ea) ’

Consequently, as a = b,b—c—b,n— oo, (7) we get:

1
_T(a+ n)C CN2z(a+n) " 2

! nln® nln<®
sl
c, c\/ m(a+n+ 1) 270l
= lim =
n—»o |c +1| n—)oo

(n+Dl(n+1)c—b ‘

The series (5) converges absolutely as ‘z| <1.

Theorem 2. Under the conditions of existence of F A (a,b,c;z) the following formulas of differen-
tiation are hold:

d,F”ﬂ(a,b;c;z) _ab

— F"P(a+1L,b+1c+1;2), (8)
dz c
n pT.p ‘e
d”,F"(a,bic;z) = (@), (), FFT’ﬂ(a +n,b+n;c+n;z), )
dz" (c),
©.pB e
LFGhED) o FoasLbian -, F P @bies), (10)
dz
d—(z‘””_1 rF”ﬁ(a,b;c;z)) =(a),z""  F"’(a+n,b;c;2). (11)
dz"

Proof. Let us prove (9), (11). We have

danT’ﬁ(a’b;c;Z) dn j c —b— ](1 Zt)
dz" B(bc b)y

% 7.p e 1 b+n-1 c—b-1 —a
> (“’y’ (- r)j ] Blb.c —b)J (o=
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X, D (a; y;—L)(—a)(—a “).(—a—n+1)(=1)"dt =

t(1-1)
_@,®), F"P(a+n,b+;c+n;z);
(),

n n 0 a+n+k-1
d—(z“+"+1,F”ﬁ(a,b;c;z))= d ;Zf(awk)z X
dz" dz"\ B(b,c-b) o k!

1 0

x, s BL(b+k,c—b;r)= zr(a+k)f,ﬁB§(b+k,c—b;r)x

B(b,c-b)I'(a) k=
a+k-1

k!

X

(a+n+k-D(a+n+k-2)..(a+k)=

= (a),z""  F"’(a+n,b;c;z).

Theorem 3. Forz,re Cpr>0;r=0,z| <1;{z,f} CR,, - <1, {ab,c} C C,Rey>Rea > 0,Rec
> Reb > 0 the following functional relations are valid:

rFr’ﬁ(a +1L,b;c;z)— rFT’ﬁ(a,b;c;z) =
=észT’ﬁ(a+1,b+l;c+1;z), (12)
C

b F*P(a,b+1lic;z)+(c—b—1), F*’(a,b;c;z) =

=(c—1),F""(a,b;c-1;z). (13)

Proof. Let us prove (13). Using (2):

b F*P(a,b+1;c;2)+(c—b—1), F"F(a,b;c;z) =

1 lb -b-2 - B r
= r’(1-0° 1—zt) 77| ay;— dt +
B(b+1,c—b—1);[ O R s

o 1
_ C b 1 tb_l (1 _ t)c—b—l (1 _ Zt)_a lq)lf,ﬂ ay;— r dl‘ =
B(b,c—b)y ((1-1)

. C
B(b,c—b-1)

A=) (1= 2t) 7P| gy ——— |dt =
_[()()11 7t(1_t)
=(c—1),F"?(a,b;c—1;z2).

Theorem 4. In the case of fulfilling of the conditions of existence of F wh (a,b;c,z) the following

integral representations for F A (a,b;c,z) are valid:

2 T(chw)2a—20+1 (Sha))Zb—l y

JF™P(a,b;c;2) = 5 >
B(b,c—=b)y, (ch"®—zsh"w)’
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4
X1®f’ﬂ[a;7;—rc:zw]dw, (14)
sn-w
b—a © 2a-2c+l1 2c—a—b-1
R i R
,C—
0 (1—z+lch9)
2 2
4
N L@S 4o, (15)
2(ch@-1)

0

FoP(a,b;c;2) = —B(b ! 5 Ieibt (- )" 1-ze") x

,C— 0

—e

t
xld)f’ﬂ{a;y;—l re _t}dt. (16)

Proof of these relations can be straightforward make using in (1) the such changes of variable
respectively:
sh*w 2 -
. t= : t }
ch”@ chf +1

t=

Theorem 5. (The relation of type Erdelyi for .F wh (a,b;c;2))
As the conditions (4) for F 2 (a,b;c,z) the following relation is hold.:

FP(a,b;c;z)=(1-2)" F’ﬁ(ac b;c; Zj (17)

z—1
Proof. Using (1) and the substitution
t=1-v
we receive:

rF”ﬂ(a,b;c; z)= b 1yebt a —le)‘“ X
Z —

B(b,c —b)j(

x(1=2)™, O | a;7;— ! dv=
(I-2)",0, [ 4 (l—v)vjv

1-z)" 1. c—b-1 -a
(( z)’ J'( b Vb (1_:‘}) N

qu)lr,ﬂ (a;;/;

z—1

dv=(»1-z ©f b2 .
(_)JV ( )¢ F (a,c b;c; j

Here: 1—2(1—v)=(1—z)(1—iv).
z—1
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Dedicated to Prof. Shyam Kalla
On the occasion of his 76™ Anniversary
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Resumen

El trabajo trata con una nueva generalizacion de funciones analiticas. Se deducen algunas representa-
. . VY . , . .,
ciones integrales de las e”*x"y" - funciones de onda (k,/, & —const,> 0) y sus formulas de inversion.
Como una aplicacion de la teoria se formulan dos problemas y se resuelven estos en forma cerrada.

Palabras clave: Funciones analiticas, funciones de onda.

Integral representation of ¢“x‘y' —
wave functions

Abstract

The paper deals with a new generalization of analytical functions. Some integral representations
of e x* yl - wave functions (k,/, @ — const,> 0), their inversion formulas are derived. As an applica-
tion of the theory two problems are formulated and solved in the closed form.

Key words: Analytical functions, wave functions.

Introduction

The generalized analytical functions of complex variables appear as a natural and rational general-
ization of analytical functions.

Picard [1], Beltrami [2], Vekya [3,4], Polozi [5], Manjavidze [6], and others have obtained many
important results in the generalization of the theory of analytical functions of elliptic type and their ap-
plications. For example, Polozij [5] introduced the analytical functions, using the system:

pu,—qu,—v, =0,
qu, + pu, +v, =0, (D
where p and ¢ are the given real functions of x and y.
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Later on the p —analytical and (p,q) — analytical functions found number of applications in different
branches of the mathematics, mechanics etc... (axial symmetric theory of elasticity, in the theory of the
filtration, solution of the boundary value problems of the theory of rotating covers).

In this paper we study the p-wave functions f(z)=u+iv as the solutions of the following system
of the hyperbolic type:
pux = Uy 4
pu, =0, (2)

where p =e®x"y', (k,l,a are positive constants). Some integral representations of p-wave functions and
their inversion formulas are constructed.

ax __k
X

The p-wave functions describe the processes of mechanics, hydromechanics, the supersonic
stream of gas, are useful for solving of the boundary value problems of the mathematical physics etc...
Let us notice, that the p-wave functions with the characteristic p = x*)’ are connected with Euler — Pois-
son — Darboux equation with two degenerate lines.

ax k

Integral representations of the e“*x"y’ -wave functions

Let G be the domain in the first quarter of the plane z = x + iy, bounded by the segments /, and /,
of the real and imaginary axis, respectively, and some curves which are monotone with respect to x and
y. The rectilinear segments which are drowned from arbitrary point of the domain orthogonally to axis x
and y, belong to the domain G.

Now we state and prove the following theorems related to integral representations of the p-wave
functions.

Theorem 1. If ¢(z) = @, (x,)+i@,(x,y)is the e**y* -wave function [7] in the domain G and

B,(x.p), =0, 3)
then the function
Z r 1= 2 Ny
[ =ii(x,y)+i5(x,y) = [[ §(E0)x +iG,(£,0)E ] (x* =& ) dé (4)
0
will be e** yk xl -wave function (k,/,a are positive constants) in G, continuous to segment /, and satisfies

the condition
o(x, y)|lz =0. (5)

Proof. According to the conditions of the theorem the functions @, (x, y) and @, (x, y) satisfy to
next system

ox Oy

B

(6)

dy  Ox
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Let us show that for the function (4) the following relations are valid:

ou 813
ax kxl

ox ay 7
ax k1 O o 81)
6y o
In reality:
1 5 L
= [@, Gt )1 =172 dr,
0
1 L
~x=ﬁj (xt,)x't(1—-1%)? dt.
oxy
Then we have:
1
VAT, B, = [[ €V NG, (3, y) ~ X'y, (x1,7) | %
0
1_1 1 171
x(l—12)2 dt —1[x" Gy (xt, p)t(1-17)2 dt.
0
Taking into account condition ¢, (x, y)|X:O =0, we get:
ki~ 1 k 2!
ey, =0, = [[ €7V Gy, (x1.9) = Gy (et ) (1= ) ®)
0

Keeping in mind (6) we proved the second relation from (7). The validity of the first relation from
(7) is proving analogously.

The validity of the condition (5) follows from the relation:

1 1 !

6060 = [EpE (¥ - ) dé = [¥ (et (1= ) d. ©

Theorem 2. If f(z) =1i(x,y)+i0(x,y) is the e**y*x! - wave function with (5) in the domain G,
then the function

o(z)=¢, (x, y) +iQ, (x, y) will be the ¢**y* - wave function and have the following form:
P(z) =, (xay) +iQ, (x:y)
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2 axd"[ Mg e

r{3)r(m=3 B (oo

xdm~
P(2) =@ (x,»)+ip, (x,y) = L] df 0(25’13’) §d§1 , Z¢2n,m=[i}
xdxy (d&E7) (xz_gz)a—m

2 dn 1~ ‘dnl’}(x,y) ~
(I’l—l)!{x(dxz)n I:xl lu(xay)j|+lw}, 1—27’1,

(10)

and the condition (3) is valid.

Proof. According to (4) ¢, (x, y) and @, (x, y) are the solutions of the following equations, respec-
tively:

i) =3 [ (¥ - &) de, (1)
500 = [puEnE(x - &) de. (12)

The equations (11), (12) are integral equations Abel’ type. The solutions of these equations give
(10).

Let us show that the function ¢(z) =@, (x, y) + i, (x, y) are the e™” yk - wave function.

Let us introduce the next designations:

h(x,y) =€y ¢, — @,

M(5,0)= "Y', = ., (9
L(x,y)=ey* ¥~ 0,
M(x,y)= e‘”ykxlﬁy -0D,.
Then we can rewrite (1) in the following form:
WG = x| W& ey e (14)
0 4
L.y = [hEpe(x* - &). dé. (15)
0

The solutions of (14) and (15) have the following kind:
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xd"| ETM(E,
T M
° _t X0 d i
M(x,y)= F(er(m 2+lj (%) CE
2x dn[xl_lM(xay)] =
(n=1! (@) T
(16)
xd"| L
7 2 ; ldi'[ [ (f’my)J §d§l , l¢2n,m=[é},
* b X dx d ——m
h(x,y)z F(ij(m 2+1J 0 ( 5) (xz_éﬂ)z
2x d"L(x,y) =2
(n=1! (dx*)" "’ '
(17)
Because L(x,y)=0, M (x,y) =0, then, respectively, L(x,y)=0, M(x,y)=0, consequently, @(z)

ax _ k

is the e”*y" — wave function. Let us show, that

(bz(xay)Lz =0.

i) Let/=2n. Using (10) we have:

d" . T
T i) |= (DY A e,
- 1 dm [1ad(x, y)}
¢2(x,y)_(n_1)!(dx2)n—l |:x ax *

Since @ (x, y)+i5(x, y) is e**y*x' — wave function, then we can rewrite the last relation in the

form:
. 1 A" | e ki 0i |
¢2(x’y)_(n—1)!(dx2)"‘{e .

_ eaxyk a d}'l*l [xl_]ﬁ:'
(n=1)!0y (dx*)""

or:
~ ax T a D bl
qoz(x,y) —e ykj' ¢1(§ y) ’f,
0 oy
from here

P, (%, )|, =0-
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ii) Let/# 2n. From (11) we get:
dm—l i~ X l l ) ) 17’”
(de)m—l [X u(x,y)] J. gy)(__lj(g_:zj(g—m-i-lj(x —é )2 dé
0

According to (10) we have:

P, (x,y)= ; 2 ; lj Xdrnﬁ(f’,f) cd¢ — l¢2n,m={ﬂ.
e s

2

Let us consider

d"o,y) _ d"* {1 80} dam {1 agyykgu}:
(dgz)’" @208 ] (d&H)" 28 ’

1 e 0] 4D 1ykeaf(i_lj(i_zj...(i-m+1jx
277 | (ag) | 2 2 )2 2

58@(2—,);) 2 2 é""
—_ - dr.
XZ[ o (:f T ) T

Now we transform ¢, (x, y )

(

A s
(p(xy 2 J‘ e™& 51 J‘ ¢1(TaY)(§2_T2)5 " T
( j (m_lJrl) xdxy e 5 oy mo O

2 2 (+*=¢%)

Letting 7=¢t,& =xn we get:

S S Y

R UIED

- ; 1 3 1
XjM(l e )E"” di + ij‘aeam]nl—2m+3 (1 i )m‘g dn.l[ 0P, (gnt,y) (1 _p )E—m dt} .
0 Y 0 0 y

EIEIED
5 5 ) 2[Jl'exaq771—2m+3(1_772)’" 14 J-( la(ﬂz(xﬂt J/)

y oy
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2~ L.
LIt y) qoz(x?t’y)}e“”‘”’t(l—tzy dtJ.
oy

Hence, ¢, (x, y)|X:0 =0. The proof of the theorem is complete.

Definition. The function u,(x, y) will be called the real wave function in the domain G, if u, € C*(G)
and holds the equation:

2 2
%Ltzo_fzyuzozo (18)
X

Let us remark the following connection between e**y* — wave functions and the wave function
[3].
If u,(x,y) is an arbitrary real wave function in G with the condition

Q| (19)
a 2
1,0

then the integral representation of e**y* — wave functions has the next form:
- - - — - ko
9(2)=9(x,y)+i¢,(x,y)=y""e 2 Iuo(x (=7 oF [5;—E(y2 —fz)jdﬂ

k

e P ot e -

where | F(v;z) is the partial case of the generalized hypergeometric function [8]

n

oF(v;z)= F(V)Z(:)F( - )n'

The solution of the equation (20) with respect to u,(x,y) has the following form [9]:

uo(x,y>+z[M 2 o, y)} 27 x @1)

o2 r(kJr(m—kﬂj
2 2

iydm[z'kl(fh(xﬁ)}oF( k L ?62 (yz _72)](),2 _Tz)m_l;rdr-i-

X
dyy  (do*)" 2
_%x y gm = 2
+i-2 c 9J1e jd %gx’T)OFl m—ﬁ+l;—a—(y2—72) X
yoy, (d)" 2 16

o)

XTd—T , k#2n, m:[g}
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as k=2n

_ Ze%x dn [yk_l(51n(x>y)] (22)
-0 @y

.| Ouy(x, a
uo(x,y>+z[—°( Y & xy)
ox 2

+

Zx rd"| gy (x,7)
o2y [ 1 ]Tl[a yz_TzJ rdr

(n-Dly (@) 2 Vo

a
—x
2

| ¢ y2 —7?

. 2e 0 1d"¢y(x,y)  atd"P,(x,7) '\ 2 .

+i N +—J. N rdt
(n=Dtoy [ (™)' 2y @) )27

Let us construct integral representations of the e~ ykxl — wave functions by means of real wave

functions.
After some transformations we can write (4) in the following form:
2

B x 05 Loy
F@) =iitx ) +iotey) =2y e 2 (- 8)2 dg] uo(f,r)oﬂ(g;—%(yz —rz)}
0 0

(32 _Tz)i‘l dr+ (23)

k

xoat Ly o ou (&, k ’ 3
A ot sl iAo

In order that find the inversion formula of (23) we use (21), (10). We obtain:

[24

Ouy(x,y)  «o d4e?

u (x,y)+i[ —u (x,y)}: X
0 o2 F(kjr(m—l;+lJF(ljF(r—;+lj

2 2

d Loan /Hixdr[glilﬁ(é’r)] cdg

dvy @y " 4 @sy (v 52);"

X

koo o (24)
xoF m—5+1,g(y -7 ) dr +

4e 2 o {1 0% d" | 1diddEr)  Edé

ﬂr("Jr(m_kﬂjr[ljr(r_l+1j5 Yoo (dr))"| xdxy (A& (v gz)gr
2 2 2 2
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yz_Tz)?’”
[
(k;t2nl;t2rm { } {ED
| Ouy(x,y) « 3 462 NEp
”o(xay)"'{oT—E%(an)}— (I“l—l)'(p—l)' (dy )n |:y x(d )p ( ay))}

a a [ >
+ 2axy€2 T < { S (xl‘lzl(x r))}ll(z * jrdr+
(n=DUp=Dlg (@) (dx*)’ ’ N 25)

dt ¢,

a a [ > 2
4e 2 g{ d (dpﬁ(x,y)j+gy a4 (dpﬁ(x,y)jll(2 Y _Tj

+ 2 2 2 2
(n=Dip=Dloy [(dy)"{ (dx*)” 25(dx?)" (dx7)” N

(k=2n,1=2p,n,p are integer).

The formulas (23), (24) give possibility to reduce the boundary value problems in the class of the
e y¥x' — wave functions to the corresponding boundary value problems for the homogeneous wave
equation. Let us consider some problems.

_~ In the domain D= {(x, ¥):0<x<0,0<y< oo} find the e*y*x'— wave functions
f(z)=1u(x,y)+i0(x,y), which satisfy the following conditions:

a(x,y)| _,=e(x), 0<x<ow, (26)
f@)|  =@@), 0<y<e, (27)

where the functions @(x),D(y) are the given continuously differentiable functions.

The solution of this problem we find using (23). For u,(x,y) we get next boundary conditions:

41“(](“) % -1
2 ) iid’[ﬁ‘co(tf)] EdE 1¢2nr=[1}
Co R s

k+1
4F( 5 je2 xdr[xl—l(p(x)] L
ﬁr@m—l)! @y

o (X, ) = @ (x) =

(28)
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Ouy(x,0)
oy

4F(k+1j g
vd" | T 0(r) 2 Lk
2 d.[ |: — :|0Fi m—k+1;a_(y2_72) (yz_TZ) 2Td1',k¢2n,m:|:£:|,
2 2 2

[+1) & 1+1
4F(2je 2 dn|:yk—lq)(y)i| ZaF(zj ydn|:z_k—1q)(z_)]
nY VI Y X
(n_w;r[zj (@) (n—l)!\/;F[zj L @)

a
11(2 y2—’[2)

X———xu——27d7, k=2n
y -7

0, 0<x<oo; (29)

uy(0,y)=@y(y) =

(30)

Using (28) - (30), d’ Alembert formula, and formula (23) we obtain the unknown solution.
_ In the domain D= {(x, y):0<x<q,y> 0} find the e*y*x'— wave functions
f(z)=1d(x,y)+iD(x,y), which satisfy the following conditions:
a(x,p)| ,=e(x), 0<x<gq,

F@|,=20). J@)|_ =0,0) 0<y<e, 31

where the functions ¢(x),®,(y),P,(y) are the given continuously differentiable functions.
The solution of this problem we find using (23). For real wave function u#,(x,y) we receive the
following boundary conditions:
U (x,0)= (/70(x)
Ouy(x,0)

0, 0<x<gq; (32)
oy

1y (0,) =@} (), up(9,9)=P3(»), 0<y<on.
Using (30) we get CD?(y) , CDg(y) .
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Resumen

Las funciones especiales han jugado un rol importante en el desarrollo de la Matematica pura y las teorias
fisicas, estas funciones son importantes para cientificos e ingenieros en muchas areas de aplicacion. En particular,
las funciones de Bessel son de gran interés en el compo de las funciones espaciales. Las funciones de Bessel estan
relacionadas con la teoria de potencial, procesos multifoton y en campos de radiacion y, en general, en problemas de
fisica, matematica e ingenieria. En este trabajo se introduce la definicion de la funcion de Bessel de tres variables,
dos parametros y un indice; ademas, se presentan propiedades de simetria, relaciones de recurrencia y ecuaciones
diferenciales que satisfacen estas funciones.

Palabras clave: Funcion de Bessel de tres variables, relaciones de recurrencia, ecuaciones diferenciales.

Some results on Bessel function
of three variables

Abstract

Special functions have played an important roll in the development of pure mathematics and theorical
physics, these functions are important to scientists and engineers in many areas of application. In particular Bessel
functions are great interest in the field of special functions. The Bessel functions are related with potential theory,
multifoton processes, radiation fields and generally physics, mathematics and engineering problems. In this paper
the definition of the Bessel function of three variables, two parameters and one index are introduced, moreover
symmetry properties, recurrence relationships and differential equations that satisfy are presented.

Key words: Bessel functions of three variables, recurrence relationships, differential equation.
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Introduccion

Las funciones especiales son igualmente importantes para las matematicas pura y aplicada [1]. Un
tipo importante de estas funciones son las funciones de Bessel. El analisis de las funciones de Bessel ha
abierto nuevos y fascinantes escenarios debido a que permite resolver una amplia variedad de problemas,
por ejemplo, aplicacion en la solucion de ecuaciones diferenciales en matematica, en procesos multifoton
[2], en el campo de radiacion [3] y en otras ramas de la ciencia y tecnologia.

Muchos autores han definido y estudiado diferentes formas generalizadas de la funcioén de Bessel:
C. Chiccoli et al. [4], proveen una vision unificada de la teoria de las funciones de Bessel, L. Galué [5]
introduce las series Kapteyn para las funciones de Bessel, G. Dattoli et al. [6] introduce un método para
derivar familias de funciones generadoras de las funciones de Bessel, Pathan et al. [ 7] obtienen diferentes
funciones generadoras para la funcion de Bessel generalizada de dos variables y un parametro /, (x, y;7)
definida por

+o0

exp[%(t—%)+%(t2r—ti—r)] = Z " T, (x, ;7).

n== (1)

donde x, y son variables reales y ¢, 7 son parametros complejos diferentes de cero con |t

<o

Paray = (), la funcion (1) se reduce a la conocida funcion generadora de una variable de la funcion
cilindrica de Bessel /, (x), esto es
+o

exp[;(t—;)] = Z "I, (x).

S 2)

Consecuentemente, esto ha inspirado la investigacion de la funcidén de Bessel de tres variables, dos
parametros y un indice; aqui se introduce la funcion generadora, propiedades de simetria, relaciones de
recurrencia y ecuaciones diferenciales que satisfacen.

Definicion

Se introduce la funcién de Bessel generalizada de tres variables, dos parametros y un indice /, (x, y,
z;7;0 ) mediante la funcion generadora

o]

X 1 1 1
ol )+ e )+ Ko=) = 3 ennmn
= 3)

dondex, y y z son variables reales y ¢, Ty & son parametros complejos diferentes de cero con |¢

1y [d<ee.

2

Sien (3) se hace z = (,se obtiene la funcion de Bessel (1) dada por Pathan [7].

Es obvio que siy = z = 0, (3) reduce a la conocida funcion de Bessel /, (x) dada en (2).

Demostracion

Aplicando las propiedades de la exponencial del lado izquierdo de (3)
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a5 =)0 305-15) -
orl5o- 3~ ol )

usando (2)

0

=Y @ Y, @0 Y, 0 e
k=—0

m=—0 h=-o

0

=) ks )], 0) ], ).

m,h,k=—0

Sin=m+2h+3k,=m=n-2h-3k

= Z " Z 6K T ansk ) T ) T @)

n=-0 hk=—o0

Comparando con (3), resulta

0

T r T = ) ok, () ],0) ).
B =0 “4)

representacion en serie de /, (x, y, z;7, 0).

Propiedades de simetria de /,(x,y,z;7, §)

Las propiedades de simetria de la funcion de Bessel /, (x, y, z;7, ) pueden inferirse de la serie (4) y
de la definicion de la funcion de Bessel de primera clase de orden n [1,pag. 99 No. (5.2.2)].

he= Y, CDEREE < e

[ k'(n + k)!
=0 )

la cual satisface las propiedades de simetria

]—n (X) = (_1)}1 ]n (X) = ]n (—X) (6)

A continuacion se presentan algunas propiedades de simetria para /,(x, y, z;7, 0)
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]—n ()C, Y,z % ’%) = (_l)n]n (X, Y.z, -1, 5) = ]n (—X, -V, —Z, T, 5) (7)
]—n(x’ s Z T, 5)= (_1)}1]” (X, Y, Z, 1, _5) = ]n (—X, -, z, T, 6) (8)
Loz L =0)= (1], (5= 0= 0) =], (6.0, 5,0) ©
T
]—n (X, ) Z;ial) = (_l)n]n (x: ».z 1 5) = ]n (—X, Y,z T, _5) (10)
T 0

Se pueden calcular muchas otras relaciones de recurrencia para la funcion /, (x, y, z;7, 6 ). A conti-
nuacion se presenta la demostracion de una de ellas y de manera similar, se pueden demostrar las demas
propiedades de simetria.

Demostracion de (7)

Sustituyendo x por —x, y por —),z por —z en (41), se tiene

Ly mnd= ) o s (0, () 2
h,k=—c0
usando (6)
D, R Ly, o (O D )
hk=—o0
S )L O e (O ) @)
hk=—x0

obteniendo asi el resultado intermedio de (7),
]n (_xa -V, —Z, T, 5) = (_l)n]n (X, Y.z, T, 5)

De (4) y usando (6)

T )= ) Tk s (0 () ()
=

=-—00

= Y O et O]k ) 4 @)
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con h=-s y k=-r, se tiene

o0

- Z (T)is(a)ir ]—n72s73r (x)]s ()/) ]r (Z)

8§,7"=—00

]n (—X, -, —Z, T, 5) :]—n(xsya z, la l)
T 0

Demostrando asi la propiedad de simetria (7).

Relaciones de recurrencia

Las relaciones de recurrencia para /, (x, y, z;7, 6 ) son:

0 1

&]}1 (xa Y, Z, T, 5) = E[]nfl(xa Y.z, T, 5) _]}’H-l(xo Y,z T, 5)] (ll)
0 1 1
67]}1 (X, .25 1, 5) = E I:T ]an(x’ Y.z, 1, 5) - ?]n+2(x’ ».z, 1, 5)] (12)
0 1 1
0 0) =3 (0], s 20— Sy, T )] (13)
0 1
gln (xa Y, 2,1, 5) = % I:]an(xa Y, 251, 5) + T_2]n+2(x’ ».z, 1, 5)] (14)
0 z 1
a?]n (X,y, Z, T, 5)25[]}173()65)}’ z, T, 6)+ 5_2]n+3(x5y9 z, T, 5)] (15)

1]y 3.2 00) =3 1060, 2 7.0) + [y (63,2 7, )]

1
by [t a0+ ¢ iy 2]

3z 1 (16)
(0], a2 0 0) 4 5 a2 0)
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Demostracion de (11)
Sea w la funcion generadora dada en (3),
~en[3 (=) +3(ee-m)+3(ro-mp)] = L b
w=exp|5 1—7 5 tt—m +§ t -a5)] = "], (x,y,2;1,0).
n=-oo
(17)

Derivando w con respecto de x
ow

e300 7)) 3000 55)] - [5(-0))

esto es,

8w_w( 1)_Wt w
ox 2 =7)=

Sustituyendo w por su desarrollo en serie (17)

o0

0
o Z "], (x,y,z; 1, 0)
n=-—o0
1 o0 1 [o0]
:72 ], (27 0) - o Z ], (x, 9, 2,7, 9)
n=-00 n=-—wn
realizando cambio de indices
Z t”i] (x,v,2z;7,0)
= ax n ayaooa ) )
1
=7 Z tn]nfl (xaya z, T, 5)_ Z tn]n-‘rl (xaya VAN 5)
7n=—0 Nn=—0

Comparando se obtiene la relacion de recurrencia (11).

De manera similar se deriva w dada en (17) con respecto de las variables y y z y se obtienen, respec-
tivamente, las relaciones (12) y (13).

Demostracion de (14)

Derivando parcialmentew con respecto de 7,

2 e[ (D) 2o )+ (o -ap) [3 (2 )
R - _ - 20 _ - 3¢ 7 2 o
or exP[z t=7) o\t = )t 3\ - 55) |5\
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usando el desarrollo en serie de w dado en (17)

0

) o)
= 0 0
i n+2 1 n—2
5 ey, 25 0) + 5 1" J(X, ¥, 237, 0)
11=—00 Nn=-—00
realizando la derivada de lado izquierdo y efectuando cambio de indices
Z t" 0 I, (x 0)
— T
L 51 n s y: s Uy
n=-wn

o0 o0

N=—00 n=-—0

1
:7[ Z "] (%, ¥, 2,7, 0) + =) Z "] 0 (X, 3,23 7, 5)]

se llega a demostrar la relacion (14). Analogamente, de (17) derivando aw con respecto de 9, se obtiene (15).

Demostracion de (16)

Derivando a w con respecto a £, se tiene

R E )
o P \I—7) T\t ) TR\ T s/ |
G0 (e )+ 5 (20 5)]

U T )TNt )T\ T as
o [3(e )y (e i)+ 3 (204 55)]

s\t )ty ittt 5 0 Ty

sustituyendo w por su desarrollo en serie dado en (17),

0

0
or Z "[(x, y, 23 T, )
n=-0 " .
= X Z n . 5 + Z n—-2 . 5
2_ ! ]I’l (xayaz: T, ) t ]n(xayaza T, )
n=-% n=-0m
+ n+l . 1 n-3 .
Yt t ]n(x,y,z,r,é)-i-? t ]n(xayaz’raé)

n=-0 n=-0n

3 1
+ TZ I:é Z tn+2]n (X,y, Z1, 5)+ gz tn_4]n(xayn zZ T, 5)]

n=-—0 Nn=-—00
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Efectuando la derivada del lado izquierdo de la ecuacion, se tiene

8 [e0] 0]
a7 "], (x,y,2;7,0)= Z nt”_IIn(x, V, 2,7, 0)
n=-—on n=-ow
=) P o) =4
n=-w

donde hemos aplicado un cambio de indice.

Entonces,
X 0 ) 0 )
A=) MLGrzndt ), Plawrznd)
n=-m0 n=—ow
+ n ! n
Y1t t ]nfl(x’ya Z, T, 5)+? t ]n+3(x:~ya VANR 5)
n=-ow n=—o0
3z . ; 1 - ;
+ 7 Y Z t ]n—Q(x’ Y, Z, T, 5) + 3 Z t ]n+4(xaya Z, T, 6)
=0 n=— (18)

Comparando, y luego haciendo el cambio n=n-1,se llega a la relacion (16).

Otras relaciones de recurrencia

0
ar e 2,z 8 O =x" ], (x, v, 7 7, 0) +

%Un—l(xa Y,z T, 5) 7]n+l(xa Y, 2z, T, 5)]]
(19)

0
F 0] v,z 1, )] =y n],(x, y, 237, 9) +

|<

1
580 -— sz w0 ]
(20)
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0
5 &y, 7 ) =2 0], (%, 3, 27, 0)

z 1
2 |01a0 3,70 5 a2, 57, 0) ]

21
Demostracion de (19)
Aplicando la derivada del producto en (19), se tiene
0 n . — n—1 . n 0 .
a[x ]n(x’yazaraé)]_nx ]n(x:yoza T35)+x a?]n(x:ysz: Taé) (22)

usando (11) se obtiene (19).

Similarmente, para demostrar (20) y (21) se aplica la derivada del producto y se usan, respectiva-
mente, (12) y (13).

Ecuacion Diferencial

A continuacion se presentan una ecuacion diferencial que satisface las funciones de Bessel de tres
variables, dos pardmetros y un indice,

La funcion de Bessel /,(x,y, z;7, 0 ) satisface la ecuacion diferencial

0 0 010 0
2 _x —+x%2-n?+ —2n)+2t — |— + —2n)+ 35 —
[x a2 X g X 27 [(l 2n) + 2t 6r] e 30 [(l 2n) + 30 85]
+12 5—62 85] =0
105 00 = (23)

Demostracion de (23)

Para mostrar el resultado (23) de (16) y las relaciones de recurrencia (14) y (15), se tiene
X 0
n]n (X, Y251, 5) = 5 Un—l (X, Y,z T 5) + ]n+1 (X, T, 5)] + 21‘5 ]n(x’ Y, z2: 7 5)

0
+30——J, (x,5,27,0)
do (24)

1
Despejando 3 J1(x, v, 237, 0) conx #0
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n 1
; ]n(xayaz; T, 5)_3]}1-"-1 (xayaz; T, 5)

21 0 30 0 1
- _]n(xayaz; T, 5)__ _]n(xayoz; T, 5)=_]n71(x9yaz; 795)
x Ot X 00 2 (25)

De la relacion de recurrencia (11), (25) puede escribirse como

0 T 0 300

n
. — _+__ - .
]nfl (xayaza T, 5) [X Ox 2X or X 65]];1()5,)/,2, T, 5)

Definiendo el operador § = [ﬁ +—2— — —— —]

x Ox x Ot x 00 (26)

Despejando /. de (25)
n 2t 0 0o 0
;]n(xayaz; T, 5)_; a_‘[]n(xayaz; T, 5)_378_5]}1()(7.)/,2; T, 5)

1 1
_5]1171 (xsysz; T, 5):E]n+1 (xayaz; 7, 5)

De la relacion de recurrencia (11), se tiene

n 2t 0 o 0 0
TaGrznd= 22 320 O yz0)

X Ot x 05 ox (27)

Se define

s-[2- L, 0]
- x Ox x ot x 064
Estos operadores verifican:

S+ (]n) = ]n+1

A (]n) = In—l
Esto nos permite demostrar que /, satisface
[n -1 eri —2ri—3(5i] [n—xi—%i—?;é i] J,=0
ox or 00 Ox or 00

de la cual se obtiene (23).
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Resumen

Este articulo estd basado en el estudio de la funcion de Wright p'Wq , la funcion hipergeométrica generalizada
pFq yelpolinomio general S ; [x] . Por ultimo, como un ejemplo de aplicacion a la funcion de Wright, se considera
el problema de obtener la solucion de la ecuacion del calor de segundo orden con condicion en la frontera de una
barra uniforme.

Palabras clave: Funcion H de Fox, funcion de Wright, la funcion pFgq ,y ecuacion de calor unidimensional.

Integrals and differential equations
involving Wright functions

Abstract

This article is based on the study of Wright’s function, hypergeometric generalized’s pFq function and
the general polynomial S : [x] . Finally as an application example of Wright function is considered the problem to
obtain the solution of the heat second-order differential equation condition, on a uniform rod.

Key words: H-Fox’s function, Wright’s function, pFq , function, one dimensional heat equation.

Introduccion

En las matematicas aplicadas tienen gran relevancia las funciones especiales, ya que estas aparecen
en la solucion de ecuaciones diferenciales. Entre la funciones especiales mas importante estan las funcio-
nes hipergeométricas: la funcion de Gauss, la funcidn hipergeométrica generalizada , F, , la funcién de
Appell, la funcion de Humbert, la funcion de Lauricella, la funcion H de Fox, [6,7], la funcion de Wright,
entre otras. Estas se encuentran en muchas aplicaciones en estadistica, teoria cuantica, ecuaciones funcio-
nales, vibracion de vigas, conduccion de calor, elasticidad, radiacion, y en general, en aplicaciones a la
ingenieria, etc. Debido a su importancia se estudian sus propiedades, desarrollos asintdticos, desarrollos
en serie, etc., a fin de obtener un estudio detallado del comportamiento analitico de tales funciones.

43
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El objetivo de este trabajo de investigacion es evaluar algunas integrales que envuelven algunas
funciones especiales entre ellas la funcion de Wright, la funcion pFgq y resolver la ecuacion del calor de
segundo orden unidimensional con condiciones de frontera que envuelven la funcion de Wright. Otros au-
tores han evaluado funciones integrales que involucran funciones especiales [2-10,12], y han presentado
otras generalizaciones de las funciones hipergeométricas y sus propiedades [9,11,13-19]. Una caracteris-
tica importante de la funcion de Wright pWgq [15, 19-21] es que generaliza la funcion hipergeométrica
usual , F, , lo cual hace que los resultados obtenidos de p'¥'g sean de interés.

La Funcion Hipergeométrica Generalizada de Wright

Una interesante generalizacion de la serie p'Wg fue introducida por el matematico E. M. Wright
(1935 a 1940) quien estudid la expansion asintdtica de la funcidon generalizada definida por: [13, p. 21,
No. (38)]

(al,Al),(az,Az),...,(ap,Ap);Z 5 [T Tle, +4,

p¥q AW (1)
(888, B, (B, B} |~ 5 Tt (B, + 8
donde los coeficientes, Al,Az,...,AP y BI,Bz,...,Bq son numeros reales positivos tales que: [14,
p- 21, No. (39)]
q P
1+ B —Z;Aj >0 donde 4,,B, € R
=
Si comparamos la definicion [14, p. 21, No. (40)], tenemos:
p‘{lq[(oc1 D) (e, 1) } J]orle, ) . {al,...,ap;z} o
B (B (8,0} 7 | T [T DB | BBy |
El polinomio S v [x] se define como [8, eq., (16)]
q/p
(=),
g =012, 3)
k=0 '

donde p es un entero positivo arbitrario y los coeficientes de F, , (q,k) > 0 son constantes reales o com-
plejas arbitrarias. Al especificar adecuadamente los coeficientes de F, , , el polinomio S q" [x] puede ser
reducido, a polinomios clasicos ortogonales conocidos, tales como Jacobi, Hermite, Legendre, Chebyshev
y polinomios de Laguerre.

Los siguientes resultados son obtenidos por Chaurasia [3]

w-1
J. ’ (Sen Ej sen A dx = L2 sen A2 I:(W) ; Re(w) >0 4)
0 l L 2 r[ wF A, + 1)
2
L ) A F(w)
_[ (sen —j cos de =L2"" Re(w)>0 (5)
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Integrales que involucran a la Funcion de Wright

Consideremos la siguiente integral

e A

— |d
ol 1Y (2 | ©

Usando la definicion de la funcion de Wright, dada por la ecuacion (1), se tiene

L (=2 ) |

Intercambiando el orden de integracion y la suma en base a la convergencia absoluta [1],

F(ﬂ + n) A
! j (e e (=) ()" ar (7

F(u + n)n

I~

S

n=0

:lw

~.
1
—_

Sea
1, :J.,ll(lth)zpfl(l—t)zv’l(l+tz)_p_v_2 (1=} ar.

Haciendo en esta integral el cambio de variable y realizando las operaciones respectivas, se obtiene

o NS AN Y —p-v=2ni 4V 2ni 1
I = j(ul ) (1— ) 1+( J 1—( j —du. ®)
R +u 1+u 1+u 1+u (1+u)

Luego, se tiene

L= [+ 207 (4 20020 ) 7 (L 20
-1/2
Teniendo en cuenta un nuevo cambio de variable 1+ 2u = tan @ y las operaciones respectivas, con
el cambio de limites de integracion, se obtiene

/2
[1 — 2p+v+2m—l Isenp+v+2nl—l(e)cosp+v+2m—l(0)d0

0

Luego, usando la definicion de la funcion beta, se tiene

] 2p+v+2m 1 r(p + nl)r(v + nl)
C(p +2ni +v)

©)
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Sustituyendo la ecuacion (9) en (7), se obtiene

ppvemi-l F(p + m)F(v + m)

=0 ﬁf(u . n)n! C(p +2ni +v)
J

p
CTIrG, +n)
=2p+v—lz =1

T(p +ni)T(v + ni) i
( C(p+v +2ni)
Mu, + n)n

Usando la representacion en serie para p'Pq , se tiene

(oot |

— 2p+v+2m—2 ‘ '
(p+20) g+ (u, 1)....., (uq ,1), (p+v.,2i)

dondei € N, Re(p),Re(v)>0 u; #0,-1,-2,..., i=12,..4

Evaluacion de Integrales con la Funcion de Wright

Considerando la siguiente integral

I = j J‘ (a®+ by +ey?) q{(al’Al )""’(ap’Aplci|dxdy

(BB, ) (b, B, }

e Tkl
_‘\l4ac—b2p 1 ‘I

I= .[.[ o sbyro? i = . c"dxdy.  (10)

En virtud de que la serie converge absolutamente, es posible intercambiar la suma con la integral [1]

ﬁl“(a+A n)

T(b+Bn)h!

=3

n=0

,."J-OO J‘ e (ax +bxy+cy )dxdy (11)

plem

Jj=
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Sea 1, = [ [ e )aixay,

Efectuandq la siguiente sustitucion, utilizando la definicion F(l/Z) =z , se obtiene

by du 2r
AN+ 2 L N R S 12)
N ) N ey |
Reemplazando y usando la representacion en serie de (1), se tiene
P
. HF(a + A, n)
Z =1 n
\/4610 b2 n=0 ﬁr(b+B n)n'
=1
27 (@ 4)a,. 4, ) }
=—pY¥q c| (13)
Ndac — b? |:(b1’Bl)""’(bq’Bq);

Re(a), Re(b)>0,  Re(4ac — b*) > 0.

Caso Particular

En este trabajo se obtienen, como caso particular de la integral generalizada, la siguiente integral
con funciones hipergeométricas qu(Z) :

haciendo 4, = 4, =,....= 4, =1, B, =B, =,...,= B, =1 yusando la definicién (2),

1= et el okl

2 {al), ola,} }

=‘\l4ac—b2qu (5) >( )

Re(a), Re(b) >0, Re(dac —b*)>0.

Un problema de valores iniciales con condiciones que involucran la fun-
cion de Wright

Como ejemplo de la aplicacion de la funcion Wright multivariable de la matematica aplicada, va-
mos a considerar el problema de flujo de calor en una barra uniforme con condiciones de contorno, es
decir, el problema de la conduccion de calor en la barra uniforme con la condicion Robin a temperatura
cero, con la radiacion en los extremos dentro de la media. Usando la funcién de Wright (1) y una clase de
polinomio general (3). Si el coeficiente térmico es constante y no hay ninguna fuente de energia térmica,
la u(x, t) que representa la temperatura en una varilla de longitud L, 0 <x < L,y u debe satisfacer la
ecuacion del calor.

a_u 0u

ot zyy,t>0,0<x<L (14)
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Sujeto a la condicion inicial:

b 27 A4 ),... A ?
u(x,O) = (sen %) Sy |:(sen %) :lp‘l’ql:((og ’ Bl ))’ ’ ((;p ’ Bp%(sen %) } (15) Y ala condicion de
19571 Joceeo q>“q P

frontera
%(O,t)—hu(o,t)=0, t>0, h>0 (16)
ou
5(L,t)—hu(L,t)=O, t>0, h>0 (17)

Solucionando la ecuacion (14) por el método de separacion de variables

u(x,t) = X(x)T(t)

Obteniendo las derivadas parciales y sustituyendo obtenemos dos ecuaciones diferenciales ordina-
rias lineales con coeficientes constantes y otra de variables separables cuya solucion es la siguiente

u(x,t)=[4cos(Ax)+ Bsen(Ax)e " (18)

Aplicando la condicion de frontera y realizando las operaciones respectivas se obtiene

B=h7A,i;é0 (19)

tan(AL)= (%) h#A (20)

En donde A, satisfacen (20) y son infinitos valores propios. Utilizando algunos métodos numéricos
como el de Newton, el de Punto fijo y el de Biseccidn se verifico cual de estos da una mejor aproximacion
para calcular los valores propios.

Observando el método de Newton los valores generados son muy oscilantes y no dan la mejor con-
vergencia para los valores propios de la funcion (20). El método Punto fijo inicamente muestra el punto
inicial y las demas raices no. Estos dos métodos no fueron consistentes.

El método que mostré mejores resultados para calcular los valores propios de (20) fue el de Bisec-
cion.

A continuacion se presenta un ejemplo donde se calcula el valor propio entre el intervalo [0, 0.2]
ver Fig. 1.

Resultados del método de biseccion segln la rutina de Matlab Version (7.01)
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Tabla 1.

[RG =
HokOOO\IChU‘I-hbJNl—Alg

[ I e e e i e R S
O VW oONOULL P~ WN

Valor propio

Error

1
0.15000000000000
0.12500000000000
0.11250000000000
0.11875000000000
0.12187500000000
0.12343750000000
0.12265625000000
0.12304687500000
0.12324218750000
0.12314453125000
0.12319335937500
0.12321777343750
0.12320556640625
0.12319946289063
0.12320251464844
0.12320404052734
0.12320327758789
0.12320289611816
0.12320270538330

0.05000000000000
0.02500000000000
0.01250000000000
0.00625000000000
0.00312500000000
0.00156250000000
0.00078125000000
0.00039062500000
0.00019531250000
0.00009765625000
0.00004882812500
0.00002441406250
0.00001220703125
0.00000610351563
0.00000305175781
0.00000152587891
0.00000076293945
0.00000038146973
0.00000019073486

La raiz que se obtuvo con una tolerancia de 107 es 0.12320270538330

EJEY

Figura No 1

X: 04
Y:2654

0.1

0.2 0.3 0.4

0.5

0.6 0.7 0.8

EJE X

Fig. 1. Grifica del Método de Biseccion

0.9
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Utilizando el principio de superposicion

iAn cos(4,x +ﬂisen(ﬂx) it 21)

n=l1 n

Aplicando las condiciones iniciales a la ecuacion (20) y utilizando los conceptos de ortogonalidad,
ortonormalidad para hallar 4, y las identidades trigonométricas, se obtiene el siguiente resultado:

A4, = 24, Jj[ﬂn cos(A,x)+ hsen(A,x)]

"2+ )L 2n))

X -l » X 20 (al,Al),...,(ap,Ap), X 2
2] oz ol e
Luego, usando (4) y (5), se tiene

L
I [4, cos(4,x)+ hsen(A,x)] A, cos(A,x)+ hsen(A, x)]dx
0

2 _
= v "7 (23)
0 m#n
L w-1 20
A j [4, cos(4,x)+ hsen(A, x)(senﬂj S? [senﬂj
0 L ! L

A)la, 4 ’
p‘P(]l:(al’ 1)’ ’(ap’ Pl(sen%) :ldx (24)

Aplicando las definiciones (1) y (2) en (24) se obtiene

L w—1
I [ln cos(/inx) + hsen(/lnx)(sen %j
0

(25)

[q/p](_Q) k 7 e -1
kzz;'—k!p Fq,k(senf) kZZO:’
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Intercambiando el orden de la integral y la suma en base a la convergencia absoluta, se obtiene [1]

P
y [q/p](_q)ka il;l[r(aj +A/n)i
e ek n
- kiOHF(b_/J“Bj”) '

J

I
—_

2k

L w-1 20k
_(': [4, cos(4,x)+ hsen(/lnx)(sen %} (sen %) (Sen %) dc.  (26)

Realizado las operaciones respectivas, teniendo en cuenta los resultados (5) y (6), y la representa-
cion en serie (1) en la ecuacion (26)

2L gl-q), 22,
ulx,1)= A w2k(o kzz(; X Fos [(ii +h2)L+2hJ

X [cos(/lnx)+ isen(ﬂnx)}e_”’?”’ A, cos( /1"7[] + hsen( ﬂnﬁﬂ
A I 5 5

n

% F(W+2k(0+1)) p\Pq_(al’Al )r“a(ap)Ap);l

Twt2k(o+1)+4,+1)" | (BB ) (B, B, } o7
0>0,k>0
Agradecimiento

Los autores agradecen al CONDES, Universidad del Zulia, por el soporte financiero.

Bibliografia
1. Braaksma, B.L.J. Asymptotic expansions and analytic for a class of Barnes integrals, Composition
Math. 15 (1963), 239-341.

2. Chaurasia, V.B.L. and Godika, Anju An integral involving certain product of especial functions, Bull.
Cal.Math.Soc.91 (1999), 337-342.

3. Chaurasia, V.B.L. and Ashok Singh Shekhawat An integral involving general polynomials and the H-
function of several complex variables, May 31 (2004), 300-306).

4. Chirino, A. (1994) Algunos resultados sobre la funcion hipergeométricas de Wright. Trabajo de grado.
Division de Postgrado. Facultad de Ingenieria Universidad de Zulia .Maracaibo Venezuela.

5. Duque, D. (2000). Integrales que involucran funciones generalizadas de tipo hipergeométricas. Tra-
bajo de grado. Division de Postgrado. Facultad de Ingenieria Universidad de Zulia .Maracaibo Ven-
ezuela.

6. Galué, L. and Duque, D. (2004). Some integrals involving Wright’s hipergeometrics function. Rev.
Tec. Ing. Univ. Zulia. 27 (1), 13-19.



52

Integrales y ecuacion diferencial que involucran la funciéon de Wrights
Revista Tecnocientifica URU, N° 6 Enero - Junio 2014 (43 - 52)

10.

I1.

12.

13.
14.

15.

16.

17.

18.

19.

20.

. Goyal, S.P. and Math, S.L. On integrals involving the H-function of two variables, Indian J. Pure &

Apel. Math. 7 (1976), 347-358.

. Gupta, K.C. and Jain, R. An integrals involving a general polynomial and product of Fox's H- function

having general arguments, Ganita Sandesh 3(1989), 64-67.

. Mathai, A.M, and Saxena, R.K (1977). The H-function with Applications in Statistics and other Dis-

ciplines. New York. London Sydney Toronto.

Muiioz, Carlos. (2005). Algunos resultados que involucran calculo fraccional y la funcion de Wright.
Trabajo de grado. Division de Postgrado. Facultad de Ingenieria Universidad de Zulia. Maracaibo
Venezuela.

Nishimoto, K. (1991). Fractional Calculus: Integrations and Differentiations of Arbitrary Order,
Vol. 1.

Prieto, A. Romero, S. and Srivastava, H. (2007). Some fraccional-calculus results involving the gen-
eralized Lommel-Wright and related functions. Science Direct. Applied Mathematics Letters.

Saxena, R.K. An integral involving G-function, Proc. Nat. Inst. Sci. India 26A (1960), 661-664.

Srivastava, H.M. A multilinear generating function for the Kohnauser sets of bi- orthogonal polynomi-
als suggested by the Laguerre, Pacific J.Math 117(1985), 183-191.

Srivastava, H. M. and Karlsson, P. W.: Multiple Gaussian Hypergeometric Series. Ellis Horwood
Limited. England, 1985.

Srivastava, H.M. and Panda, R. Some bilateral generating function for a class of generalized hyper-
geometric polynomials J. Raine Angew.Math, 283/284(1996), 265-274.

Srivastava, H.M. and Goyal, S.P. Fractional derivatives of the H-function of several complex vari-
ables, J.Math.Anal.Appl.112 (1985), 641-651.

Srivastava, H.M. and Panda, R., Certain expansion formulas involving the generalized Lauricella
function, I Comment Math .Univ.St. Paul 24 (1974), 7-14.

Virchenko, N.A. On some generalizations of the functions of hypergeometric type. Fractional Calcu-
lus & Applied 2. No 3 (1999).233-244.

Wright, E.M. The asymptotic expansion of the generalized hypergeometric function. Jour. London
Math. Soc. 10(1935).286-293.



Revista Tecnocientifica URU
Universidad Rafael Urdaneta
Facultad de Ingenieria

N° 6 Enero - Junio 2014

Deposito legal: ppi 201402ZU4464
ISSN: 2343 - 6360

Desigualdades integrales fraccionales
y sus g-analogos

Sunil Dutt Purohit', Faruk Ucar? and R.K. Yadav¢?
Dedicated to Professor S.L. Kalla

' Department of Basic Sciences (Mathematics), College of Technology and Engineering, M.P.
University of Agriculture and Technology, Udaipur-313001, Rajasthan, India.
sunil a purohit@yahoo.com

?Department of Mathematics, University of Marmara, TR-34722, Kad koy, Istanbul, Turkey.
fucar@marmara.edu.tr

*Department of Mathematics and Statistics, J. N. Vyas University. Jodhpur-342005, India.
rkmdyadav(@gmail.com

Recibido: 24-09-2013  Aceptado: 29-01-2014

Resumen

El objeto de este trabajo es establecer algunas desigualdades que envuelven operadores integrales de Saigo.
Se usa el calculo g-fraccional para obtener varios resultados en la teoria de las desigualdades g-integrales. Los re-
sultados dados anteriormente por Purohit y Raina (2013) y Sulaiman (2011) son casos especiales de los obtenidos

en este trabajo.
Palabras clave: Desigualdades integrales, operadores integrales fraccionales, operadores g-integrales frac-

cionales.

On fractional integral inequalities
and their g-analogues

Abstract

The aim of this paper is to establish some integral inequalities involving Saigo fractional integral operators.
We then use fractional g-calculus for yielding various results in the theory of g-integral inequalities. The results gi-
ven earlier by Purohit and Raina (2013) and Sulaiman (2011) follow as special cases of our findings.

Key words: Integral inequalities, fractional integral operators, fractional g-integral operators.
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Introduction

Fractional integral inequalities have many applications, the most useful ones are in establishing uni-
queness of solutions in fractional boundary value problems, and in fractional partial differential equations.
Further, they also provide upper and lower bounds to the solutions of the above equations. For detailed
applications, one may refer to the book [1], and the recent papers [2]-[5] on the subject.

In a recent paper, Purohit and Raina [6] investigated certain Chebyshev type ([7]) integral inequa-
lities involving the Saigo fractional integral operators, and also established the g-extensions of the main
results. The aim of this paper is to establish several new integral inequalities for synchronous functions
that are related to the Chebyshev functional using the Saigo fractional integral. g-Extensions of the main
results are also established. Some of the results due to Purohit and Raina [6] and Sulaiman [8] follows as
special cases of our results.

Following definitions will be needed in the sequel.
Definition 1. Two functions f and g are said to be synchronous on [a,b], if
{(f@-70)(e0) -gm)} 20. (M
for any x, y € [a,b].

Definition 2. A real-valued function f'(¢) (¢ > 0) is said to be in the space (C (u € R), if there
exists a real number p > u such that 1'(¢) = tP ¢(t); where ¢(f) € C (0, ).

Definition 3. Let &> 0, B, € R, then the Saigo fractional integral / ap of order « for a real-va-
lued continuous function f(¢) is defined by ([9] see also [10, p. 19], [11]):

Pi{r)}=

1_,( ) I (t _T) ZFI [0{ +ﬂ7_77;a;1 —;)f(T)dT, (2)

where, the function 5 Fj(—) in the right-hand side of (2) is the Gaussian hypergeometric function defined
by

—, )

and (f) (a),, isthe Pochhammer symbol
(@)n =a(a+1)---(atn-1), (a),=1.

The integral operator (2) includes both the Riemann-Liouville and the Erd e’ lyi-Kober fractional
integral operators given by the following relationships:

R} =157 ()} —ﬁj (-0 f@dr (a>0) (4)

and
Ca—

1% = 182 {0} =" e

f; ‘-0 e f(0)dr (@ >0 €R). 5)
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For f(t)=1t* in(2), we get the known result [9]:

wpnlal T@+OL@+1-+m  , p
Tod n{’ﬂ} Tl preisatn ©

(a > O,min(,u,,u—ﬁ‘f‘ ’7) > = lat> O)

which shall be used in the sequel.

Fractional Integral Inequalities
The following theorems involving Saigo integral inequalities for the synchronous functions will be
established.

Theorem 1. Let [ and g be two synchronous functions on [0,0), h>0, then for all
t>05 a>max{0,—ﬁ},ﬂ< laﬁ_ 1 <;7<0)'

rd-pg+n ]g’t;ﬂ,ﬂ {F()g(Oh()} = Ié’"’t'g g {f(t)}loof’tﬁ”7 gh@)}+
C(1-Ar +a+ n)tﬁ

18P0 1P @ h @) ~18P T oGP 0 g 0). ()

Proof: Using Definition 1 and 2> 0, for all 7, p >0, we have

{(r@ - f(p)Xg@) - g(P)Nh(@) + h(p))} > 0 @®)

which implies that

F@g@h(@)+ f(p)e(p)h(p) 2 f(D)g(p)h(p)+ f(p)g(D)h(z) + g(7) f (P)h(p)

+8(p)f(D)h(r)—h(r) f(p)g(p)—h(p)f(r)g(T) ©)
Consider
-a-p(, _ -1
Fit,r) =1 F(E )T) 2F1(05+/3,—77; a;l—fj (r e (0,0 > 0) (10)
(04

_ L =T @t pem (=of
I'(a) ta+,8 (a+1) ta+'3+1

(@+Pat f+ DEnEn+ D =)
T(a+2) (@t B+2
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Since each term of the above series is positive in view of the conditions stated with Theorem 1, we
observe that the function F'(¢,7) remains positive, for all 7 € (0,7) (¢ > 0).

Multiplying both sides of (9) by F(¢,7) (defined above by (10)) and integrating with respect to 7
from 0 to ¢, and using (2), we get

&P (0gOh®}+ f(P)g(Ph(p) IEP T 1y = g(p)h(p) 1P {F(0)}+
1P IEPHgh®}+ £(0h(p) 1P g0+ (o) 18P {1 (0h(t)} -

£()g(p) I (o)} h(p) 1871 {f (g (1)} (11)

Next, multiplying both sides of (11) by F' (¢, p) (p € (0,), (t > 0), where F(¢, p) is given by (10),
and integrating with respectto p from 0 to ¢, and using formula (6), we arrive at the desired result (7).

Theorem 2. Let f and g be two synchronous functions on [0,), and h >0, then

1- 1-0
LUZPEI 08 g+ ——0 2 e (ngomn) 2
T -pra +a+ni? ° rA-ord+y+09 °

1P O 30 (e 0 h@Y+ 181 {g 0 R} 0} + 18 Mg 0 o ho}+
18P F @@ 152 Ag Oy 18P @y 170 (1@ g0)— 167710 20} 13,0 (hio)},
(12)

Sor all t>0, a>max{0,-f},y>max{0-5},5,0<1,—1<n<0,6—-1<{<0.

Proof: To prove the above theorem, we start with the inequality (11). On multiplying both sides of
(11) by

—y=0(,_ Y1
d f(y)”) zFl(wé,—;;yﬂ —§j (pe(0.0:1>0),

and taking integration with respectto p from 0 to ¢, we get
12 UEL 0 20 MY+ 112 {020 h (o)}
18P0} 1320 {e@h @y 18P @ h ML o3+ 18P g0} 130 {roh@}+

1EP R0} 1570 Ag =181 @y 110 02— 18P 1 iro g0} 1)< 1)},

which on using (6) readily yields the desired result (12).
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Remark 1. It may be noted that the inequalities (7) and (12) are reversed if the functions are asyn-
chronous on [0,) i.e.

(e -romle@-gm)i=<o, (13)
for any x,y €[0,).
Remark 2. For y = a, 6 = 3,4 =1, Theorem 2 immediately reduces to Theorem 1.
Theorem 3. Let f', g and h be three monotonic functions on [0,90) satisfying the inequality
{r@-re)Ne@ - g~ h(p))=0. (14)
then for all , t> 0, a>max{0,— £}, y>max{0,-d},,0<1,—1<n<0,0—1<{<0.

T(1-6+0)
T(1— (1 +y+0) 9

I(A-p+n)
T(1- AT +a+n)th

1< 020 h (o)} 1EP 1020 h}2

18P Mg ORI O3 1P 1 F03 2 ™o h @y G 0 h o} 177 g 0}

18P g M2 ORI O3 023 IEL T {02} )}
(15)

Proof: By applying the similar procedure as of Theorem 1 and 2, one can easily establish the above
theorem. Therefore, we omit the details of the proof of this theorem.

Observe that, if we set =0 (and d =0 additionally for Theorem 2), and make use of the relation
(5), Theorems 1 to 3 respectively yield the following integral inequalities involving the Erd e’ lyi-Kober
type fractional integral operator defined by (5):

Corollary 1. Let f and g be two synchronous functions on [0,), and h >0, then

r—m I {060 hOFZT ST O} S g (RO (g 0“1 {0 ()}
(I+a+tn)

19T O T f (g (1)}, (16)
forall t>0,0>0,~1<#yn<0.

Corollary 2. Let f and g be two synchronous functions on [0,0), and h>0, then for all
t>0,a,7> 01 <max (5,0) <0,

Dl g b+ — L

_ o\ 5 g0,
T(1+a+n) mﬂﬁ)l Vg h®}=

191{f ()} 174 {g(O)h() }+ 1% g ()R} 175 {f (0} + 1% {g ()} 17 {f(6)h(1)}+
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1%T{f RO} {g @)}~ 12T} 74 {f (g0}~ 17T {f (g0} 74 {h@)}y  (7)

Corollary 3. Let f', g and h be three monotonic functions on [0,0) satisfying the inequality
(14) then for all t>0, a,y>0,~1 <max (5, {) <0,

I'1+9

I'(1+n)
I'(l+y+Q

T(1+a+n) 1% {f (D g () h(t)}>

1" {r( g () h()}—

1M (OO (O} 1T (O} {g(Oh@)}+ 17 {f (D)} 17 {g(t)}

— 1M g7 {F (OO}~ TR} {f (g} + 1T {f (g} 17 {h(n)}. (18)

Again, if we replace # by —a and & by —y in Theorems 2 and 3, and make use of the relation
(4), we obtain known results due to Sulaiman [8, pp. 24-25, Theorems 2.1 to 2.2].
q-Extensions of Main Results

In this section, we establish g-extensions of the results derived in the previous section. We begin
with the mathematical preliminaries of g-series and g-calculus. For more details of g-calculus and frac-
tional g-calculus one can refer to [12] and [13].

The g-shifted factorial is defined for a,ge C as a product of n factors by

1 : n=0

(e = {a —a)(1-aq)y-(1 —aq"™) 5 neN, "

and in terms of the basic analogue of the gamma function

_ rq (0( + I’Z)Q _Q)n
r, (@)

@9, (n>0), (20)

where the g-gamma function is defined by ([12, p. 16, eqn. (1.10.1)])

) R
t
(4390
We note that
( —¢")T, @)
Fq(l +t):fq, (22)

and if |q| <1, the definition (19) remains meaningful for n =, as a convergent infinite product given by

o0 . (23)
(@:9) =[] —aq’).

j=0
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Also, the g-binomial expansion is given by

(=), =" (i), - 1‘[[1l ((/y/;)fw} 4)
~0 yix)q

Let ty € R, then we define a specific time scale (see [14] and [15])
Tfo = %‘;t =10q",n a non-negative integer}u {O}, 0<g<] (25)
and for sake of convenience, we denote TtO by T throughout this paper.

The g-derivative and g-integral of a function f* defined on T are, respectively, given by (see [12,
pp. 19, 22])

/() —f(1q)
Dy, f(@) :W (t#0,9#1) (26)
and
[ f@dgr =10 —9) Y q" 1l1g"). 27)
k=0

Definition 4. The Riemann-Liouville fractional g-integral operator of a function f(¢) of order &
(due to [15], see also [13]) is given by

IS f ()=

0,0 1
F( ) (@>0,0<g<1), (28)

where

(@9) =—ED2 (g Ry 9)

@ "D

Definition 5. For &« >0 7 €R and 0 < g <1, the basic analogue of the Kober fractional integral
operator (cf. [16], [13]) is given by

18 {f (1)} ="

30
r() (30)

Definition 6. For & > 0 and f,77 € R, a basic analogue of the Saigo’s fractional integral operator
([17, p. 172, eqn. (2.1)]) is given for |2'/t| <1 by

18P0 {f (1)) ="

r()
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0 a+p. -n.
- (q a,q)m(q 5D m JT=Bm ym =mm=1)/2 (g_lj f@dgr 6D
m=0 @D @D L Jm

which in view of (27), can be written as (see [17, p. 173, eqn. (2.5)]):

00 a+pf. -n.
2P ol=Pa-9* Y @7 Dm @ Dm =B

m=0 @5 Dm(@GDy

a+m

o @Dk kem
x 3 g" T "),
k=0 (4:9)k (32)

In the sequel, we shall be using the following image formula ([17, p. 173, eqn. (2.11)]):

]g,ﬂ,n{f,u}: FQ(/"" l)rq(ﬂ+1_ﬂ+77) t'u_ﬂ
Ly(u+1-py(u+1+a+n)

) (33)

(a>030<q<15min(lualu_ﬁ+77)>_15t >0)

Now, we shall establish new g-integral inequalities for the synchronous functions involving the
fractional g-integral operators, which can be treated as the g-analogues of the inequalities (7), (12) and

(15).
Theorem 4. Let f and g be two synchronous functions, and h(t) >0 on T, then

1—‘q(l -B+n)
T,(1-ATy(1+a+n)th

,g,ﬁ,n {F(Og(Oh(t)} > [g’ﬁ’” {f(t)}lf;"ﬂ’” gOh(t)}+

18P g1 OhO} =18 PO P { (08O (34)

where 1> 0,0 <g<1,a>max {0, 4},<1,-1<n<0).

Proof: By the hypothesis, the functions f and g are synchronous functionson T forall 7, p = 0,
and /A(t) > 0 therefore the inequality (9) is satisfied, that is

F(@g@h(@)+ f(p)g(p)h(p) 2 f()g(p)h(p)+ f(p)g(D)h(7) + g(7) f (p)h(p)
+g(P) [ (D))= h(z)f(p)g(p) —h(p)f(r)g(7)

Since, 7 € (0,1) (> 0), 0 < g < 1, then tgk T ™ < (0, ¢) for k, m € N, therefore, on replacing 7 by
tqk tm iy the above inequality we get

[tk mygtgk = mn(tgh * ™)+ f(p) g (p) h (p) =/ (tgk * ™) g (p) h (p) +
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f(p)g(tghtmh(tghm) + g(tgh*m) f(p)h(p) + glp) f (tq* ™) h(tgh+m) —

h(tgk*m) £ (p)g(p) — h(p) f (tg*tm)g(tgh+m). 55)
5

Consider

+B. -n. +m,
H(l,q) — t—ﬂ(l_q)a (qa aq)m(q U»Q)m (qa :q)k C](n_ﬂ+l)m+k(k, me N) (36)
@ Dm(@Dm  (GDk

Evidently, under the conditions stated with Theorem 4, we observe that the function H(z,q) is
positive for all values of k,me N . Therefore, on multiplying both sides of (35) by H(¢,q) and taking
summations between the limits £ = 0 fo oo, we get

> H(t.q) f (tg" Mg (g mh(gkm) + £ (p)g(p)hip) D H(t,q) 2
k=0 k=0

gph(p) D H(t.q) f(tgh*™) +1(p) Y H (t.g)g(tgh*mh(ghtm) +
k=0 k=0

Fp)h(p) D H (tg)gtghm) +g(p) D H(t.q) f(tgkTm)h(tgk*m) -

k=0 k=0

S (P)g(p) 2 H E@)h(tgkm) — h(p) 2 H(69) f(1gk ) g (igk+m).

Now, on again taking summation from m = 0 fo o, and then making use of the definition (32), we
obtain

18PN gD+ f(P)g(PIh(p) TEPT {1} = g(p)h(p) TEP{f (6)) +

1) IEP M g(Oh)}+ f(p)h(p) IEP gO)}+ g(p) IEP{f (Hh(t)} -

F(P)g(P) IZP{h()} - h(p) 1ZP1{f (1)g(1)} (37)

Next, in the above inequality on replacing o by tgk*t | multiplying both sides of by H(¢,q),
taking summations between the limits £ = 0 fo oo, and m = 0 fo oo, and then making use of the de-
finitions (32) and (33), we arrive at the desired inequality (34).

Theorem 5. Let f and g be two synchronous functions on T, and h >0, then for all t > 0,0 < g
< 15 o> maX{O,—ﬂ}, Y > max{O,—é}, ﬂa 0< lsﬁ_1< n < 09 o-1< é:< 09
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g =p+n) ; 1198 (1 g0y b+ g ( 9 . 19BN gt h(0)}>
0, (1 A, () P4 Ly (1= (170 12

IEPN{ () 1704 {g ()} + I8P g (Oh@O} 1704 {f (0} + 12 P {g(0)} 1124 { £ (1) }+

38
18PN (o175 (g0} 12P T o1 (1 wg@)- 18P (g o) O

Proof: To prove the above theorem, we start with the inequality (37). On replacing p by tgk*m
and multiplying both sides by a positive function F(¢,q), given by

y+9. - . y+m,

@5 Dm (@D m (4D (39)

taking summations between the limits k = 0 o © and m = 0 to o0, and then making use of the definition
(32), then the inequality (37) leads to

150 WP Ogh0}+ 18PN {f(0g0h(0)) 2
1EP{ (0} 170 {g@h)}+ 18P gD} 170 {0} + 12PN g (0} 1724 {£ (0)h(o)} +
1§ fORO} L0 A= 18P MO0 {f 08} = 18P F (g} 172 (o)
(40)
which yields the desired result by taking (33) into account.
Remark 3. The inequalities (34) and (38) are reversed if the functions are asynchronous on T.
Remark 4. Again, when y = a, 6 = 5, { = n, then Theorem 5 leads to Theorem 4.
Theorem 6. Let [, g and h be three monotonic functions on [0,0) satisfying the inequality (14),

then for allt > 0,0 < g < 1, a > max{0,-8}, y > max{0,-6}, f,6 < 1, -1 < n < 0,6-1 <{< 0, we
have

F,A-p+
¢=B+m 50 g h@®)} -
(1= T, (1 arp)

r,(1-6+0

1P W) > 195 {a(On@) 179¢ _
LA-or, AP U Og0h©)= 1§ {gOh0)} 1] (1)}

1EP {0172 g (Oh)}+ 18P (0h(0)} 17725 {g()} - 18P {g (0} 17°0% { £ (h()}-
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18P} 724 {0+ 18P 0g} 1] () (41)

Proof: By applying the same procedure as of Theorem 4 and 5, one can establish the above theorem.
Therefore, we omit the details of the proof.

Now, if we set =0 (and additionally 6 =0 for Theorem 5), and make use of the known result
[18, p.173, eqn. (2.9)], namely

180T (£} = 187 {£ (1)}, W)

Theorems 4 to 6 respectively reduce to the following g-integral inequalities involving the Erd e’
lyi-Kober type fractional g-integral operators:

Corollary 4. Let f and g be two synchronous functions on T, and h> 0, then

I'y (1+n) 70

Cararnld VOgOD) 2 I (O} T gD+ I8 g IS f (Oh())
q

_15,77 {h(f)}lg’”{f(t)g(t)}, (43)

forall 1>0,0<¢g<1,a>0and-1<#5n<0).

Corollary 5. Let f and g be two synchronous functions on T, and h>0, then for
t>0,0<g<1,a,y>0,such that -1 <max(n, {)<0),

Lyt . L1+ 4
ETTEX, {f<r>g(t>h<r)}+rq T A CEOLOIE

1EM{f O} {g OO} + 15 gL A f O+ 18T {g(O} L4 {f (0)h()}+

I FORON)E g} - 12T RO} {f (0g0) - 1ET{f (gL @) @4)

Corollary 6. Let [, g and h be three monotonic functions on [0,0) satisfying the inequality
(14), then for all t>0, a,y,>0,~1 <max(y,{)<0,0<g<1

Lyt . VIR S
U aar g VOeOHO} S LT 00k >

1&g {f O} - 1ZT{f O} 1] {gOh)}+ IZT{f Oh©} 1] {g(0)}

— 1&g (O] {f OO} - 1RO {f (Dg O+ 1T (OgO ] D)) 45)
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Further, we observe that, if we replace f# by —« and & by — y, and make use of the relation [17,
p-173, eqn. (2.7)], namely

1570 =151 (0) (46)

and

1 r k=151 o) (47)
then, Theorems 4 to 6 reduce to the following g-integral inequalities involving the Riemann-Liouville type
of fractional g-integral operators.

Corollary 7. Let f and g be two synchronous functions on T, and h>0, then
tOC

o 1§ U 0gOhO}2 1§ (OHF{gOhO}+ 1T g (0Oh©)]
g (1+a)

R ALOHAVIGEGN (48)

forall t>0,0<g <1 and a >0.
Corollary 8. Let f and g be two synchronous functions on T, and h>0, then for
t>0,0<¢g<1,0,y>0,

t¢ 7

t (24 (24
T (a4 f0gho}+ Ty U @gh®}= 15 {f (O} 17 {gOh®)}+

I gD I) SO+ IF GO (Oh@) )+ 15 L (Oh)}I] g (1)} -

AU ATIOHOIE VIGHOR UGN (49)
Corollary 9. Let f, g and h be three monotonic functions on [0,0) satisfying the inequality

(14), then for all t> 0, a,7>0,0<g <1,

t(X

Y
— 1020 - ———I{f () gOh)} = I g ORI {f (1)) -
[y (1+a)

Fq(l-i- 7)

IS O gD+ I {f ORDOFI] g0 - 1T g} 1] Lf (Oh(t)} -
IS OgO)+ 17 1 (g ] {h()): (50)

Special Cases

We now, briefly consider some of the consequences of the results derived in the previous sections.
If we let ¢ — 1, and use the limit formulas:
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Lim 92D — (), (51)
g—>1" ()
and
Lim Ty(a) =I(a), (52)
g—1

the results of Section 3 correspond to the results obtained in Section 2. Again, in view of the above limiting
cases, Corollaries 8 and 9 provide, respectively, the g-extensions of the inequalities due to Sulaiman [8,
pp. 24-25, Theorems 2.1 to 2.2].

Finally, if we consider the function /4 as constant > 0, the Theorems 1, 2, 4 and 5, and Corollaries 7
and 8 provide, respectively, the known results due to Purohit and Raina [6], and Ogiinmez and Ozkan [14].

Acknowledgements

The authors are thankful to the referee for a very careful reading and valuable suggestions leading
to the present improved form of the paper.

References

1. G.A. Anastassiou, Advances on Fractional Inequalities, Springer Briefs in Mathematics, Springer,
New York, 2011.

2. Z. Denton, A.S. Vatsala, Monotonic iterative technique for finit system of nonlinear Riemann-Liouville
fractional differential equations, Opuscula Mathematica, 31(3)(2011), 327-339.

3. S.L. Kalla and Alka Rao, On Grii ss type inequality for hypergeometric fractional integrals, Le Ma-
tematiche, 66 (1)(2011), 57-64.

4. V. Lakshmikantham and A.S. Vatsala, Theory of fractional differential inequalities and applications,
Commu. Appl. Anal., 11 (2007), 395-402.

5. J.D. Ramirez, A.S. Vatsala, Monotonic iterative technique for fractional differential equations with
periodic boundary conditions, Opuscula Mathematica, 29(3)(2009), 289-304.

6. S.D. Purohit and R.K. Raina, Chebyshev type inequalities for the Saigo fractional integrals and their
q -analogues, J. Math. Inequal., 7(2) (2013), 239-249.

7. P.L. Chebyshev, Sur les expressions approximatives des integrales definies par les autres prises entre
les mémes limites, Proc. Math. Soc. Charkov, 2(1882), 93-98.

8. W.T. Sulaiman, Some new fractional integral inequalities, J. Math. Anal., 2(2) (2011), 23-28.

9. M. Saigo, A remark on integral operators involving the Gauss hypergeometric functions, Math. Rep.
Kyushu Univ., 11 (1978) 135-143.

10. V.S. Kiryakova, Generalized Fractional Calculus and Applications (Pitman Res. Notes Math. Ser.
301), Longman Scientific & Technical, Harlow, 1994.

11. R.K. Raina, Solution of Abel-type integral equation involving the Appell hypergeometric function,
Integral Transforms Spec. Funct., 21(7)(2010), 515-522.

12. G. Gasper and M. Rahman, Basic Hypergeometric Series, Cambridge University Press, Cambridge,
1990.



66 Desigualdades integrales fraccionales y sus g-andlogos
Revista Tecnocientifica URU, N° 6 Enero - Junio 2014 (53 - 66)

13. M.H. Annaby and Z.S. Mansour, g -Fractional Calculus and Equations (Lecture Notes in Mathema-
tics 2056), Springer-Verlag Berlin Heidelberg, 2012.

14. H. Ogiinmez, and U.M. Ozkan, Fractional quantum integral inequalities, J. Inequal. Appl., Volume
2011, Article ID 787939, 7 pp.

15. R.P. Agarwal, Certain fractional q -integrals and gq -derivatives, Proc. Camb. Phil. Soc., 66 (1969),
365-370.

16. W.A. Al-Salam, Some fractional q -integrals and q -derivatives, Proc. Edin. Math. Soc., 15(1966),
135-140.

17. M. Garg and Lata Chanchlani, q -Analogue of Saigo's fractional calculus operators, Bull. Math. Anal.
Appl., 3(4) (2011), 169-179.



Revista Tecnocientifica URU
Universidad Rafael Urdaneta
Facultad de Ingenieria

N° 6 Enero - Junio 2014

Deposito legal: ppi 201402ZU4464
ISSN: 2343 - 6360

Una nueva clase de polinomios g-Apostol-Bernoulli de
orden «

Mridula Garg and Subhash Alha

Department of Mathematics, University of Rajasthan, Jaipur 302004, Rajasthan, India
gargmridula@gmail.com and subhashalha@gmail.com

Recibido: 03-10-2013  Aceptado: 22-03-2014

Resumen

En este trabajo, en primer lugar se da una introduccion de los nimeros y polinomios de Bernoulli y sus g-
generalizaciones. Luego se define una nueva clase de polinomios g-Apostol-Bernoulli de orden @ y sus nimeros
correspondientes. Se obtienen representaciones explicitas, teorema de adicion y formula diferenciales de esta nueva
clase de polinomios.

Palabras clave: Polinomios g-Apostol-Bernoulli

A new class of g-Apostol-Bernoulli polynomials
of order «

Abstract

In this paper, we first give an introduction of Bernoulli polynomials and numbers and their g-generalizations.
We then define a new class of g-Apostol-Bernoulli polynomials of order & and corresponding numbers. We obtain
explicit representations, addition theorem and differential formula for these newly defined class of polynomials.

Key words: g-Apostol-Bernoulli polynomials

Notations and Definitions
We shall use the following notations and definitions of g-theory (Gasper & Rahman [8])
The g-number [x]q and the g-number factorial [n]q I, ne N are defined by

], ==L gtana [a] 1= ][], )

The g-shifted factorial (g-analogue of Pochhammer symbol) is defined as

n—1

(a;q)nzn(l—aq")’nerith (a;q)():l,q;tl, )

k=0

67
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If we consider (a;q)oo then as the infinite product diverges when a # 0and |q| 21, therefore
whenever (a; q)w appears in a formula, we shall assume that |q| <.

Further, for any complex number o, we have

(439),

(a:9), = (ag"zq) 3)

There is one more definition of g-number shifted factorial,which is often used in the definitions of
g-extension of Bernoulli polynomials. This is as follows

n-1

[a],,, =T T[a+],. with [a], =(1-q)"(4":9),- @

Jj=0

The g-binomial theorem is given by

= (a;q) (az;q)
Lz = — <1, 0<|g|<L (5)
;(q;q)n : (z:9). g 4

For a =q“; (a 1S C) the result can be written as follows

“q), o (9°59), 1 2| <1, 0<[g| <1 ©)

5 (q
Z? (2:9). (z49), (z4),

Introduction

n

eralizations B}Ea) (x) and B}S@ , Bernoulli polynomials and numbers of order ¢, can be seen in the texts
(Erdélyi et al. [6]; Olver et al.[21]). Some interesting analogues of the classical Bernoulli polynomials
were investigated by Apostol [1], so-called Apostol Bernoulli polynomials B, (x;i). Further, Luo and
Srivastava [18] introduced and investigated the Apostol-Bernoulli polynomials of order &, B,(,“) (x; /1) .
Some more generalizations and analogues of these polynomials have been studied by researchers namely
Natalini and Benardini[20], Luo et al.[14], Breeti[2], Srivastava et al. [23],Kurt [12], Tremblay [25].

The definitions of classical Bernoulli polynomials B (x) and numbers B and their familiar gen-

g-analogues of Bernoulli numbers were first studied by Carlitz[3].Thereafter various other g-
analogues of Bernoulli numbers and polynomials have been studied arising from varying motivations.
Many authors have further studied and developed this subject, among which a few to mention are Koblitz
[11], Tsumura [26], Srivastava et al. [24], Cenkciand Can[4],Ernst [7],Ryoo [22], Choi et al. [5], Kim et
al. [10], Luo [17], Luo and Srivastava [15], Mahmudov [19] and Lee and Ryoo[13]. We recall here some
of these definitions.

g-extensions of Bernoulli polynomials and numbers of order & € C, are defined by means of the
following generating functions (see Luo and Srivastava [15])

(~2) Y.

n=0

[a] n n+x |htx)], z - a Z”
[n]q,! g :ZBi;q)(x)m’ (7)
q

n=0
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o] w

0‘00 nnnZ a) Z
=) X =Z%J;a ®)

n=0 q ' n=

The following formula for B(_a) ( )m terms of B( )can easily be obtained from (7) and (8)

B (x)= Z( ){[X] v gl ple), ©)

j=0
Remark 1. From the relation (9), it is obvious that the degree of B,Ef);) (x) is (n +1 —a) in q",
which means that for non integral values of O, it is not a polynomial in q".

Cenkci and Can [4] introduced g-extensions of Apostol-Bernoulli polynomials and numbers are
defined by means of the following generating functions

)P g =Y B (s ﬂ;q)z—n,, (10)
n=0 n=0 n:

) vgre =3 B : (1)
n=0 n=0

Choi et al. [5] gave the following definitions for g-extensions of Apostol-Bernoulli polynomials and
numbers of order k € N,

n

kz T =3 B (3 2:q) = (12)
n=0 n=0 n'
k Z n n Z% (k) Z (13)
n=0 l’l n=0 '
The following formula can easily be obtained from (12) and (13)
%(k) ,ﬂ’ _ n n n-j (j+1—k)x%(_k) ﬂ,, 14
, (64:9) ,2;‘ g 3 (Aq) (14)

Remark 2 1t is observed from (14), that the degree of ‘B (x;ﬂ;q) is (n +1- k) inq*, whereas,
the notation ‘B “ (x A; q) indicates that it should be of degree n.

We would like to mention here that in the same paper the authors have also defined a g-extension of
Apostol-Euler polynomials and numbers of order k£ € N by the following generating functions

o0 k n
2kz[ ]q;n (_/I)" n+x g [n+x],z 25 )C A q (15)
n=0 [l’l]q'
k N [k]q;n nop [nljz _ S (k) . Zn
2y (A e =3 S ()~ (16)
n=0 [n]q . n=0 l’l'

From equations (3 18) and (3.32) of the same paper (Choi et al. [5]), it is easy to derive the follow-
ing relation between% (/1 q) and é’ 2 (l q) which shows that these are not independent
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B (~4iq)=(-1)" (k+1) £ (4q)  (keN,neN) (17)

In the present paper, we further extend this study and define a g-extension of Apostol-Bernoulli
polynomials of order ( (x) a, A € C. We shall also prove in Theorem 1 that these are polynomials
of (dg:gree nin g*. This property overcomes the shortcoming pointed out in Remark 2 of earlier definition
‘B (x A; q)

A new class of g-Apostol-Bernoulli polynomials and numbers of order &

Deﬁnltlon Fora, A€ C,0< |q| <1, we define a new class of g-Apostol-Bernoulli polynomials of
order «, B (2 (x) by means of the following generating function

n

1 = nnnn+xz - a
PSR R o

n=0

and corresponding numbers are given by

ﬂ

Z q” g™ :iB";l =, (19)

n=!

Obviously, B,E?;’/l) = B,(,’aq’l)(O). (20)

Special Cases
1. Ifwe set @« =k € Nin (18) and (19), we get

ki[ ]q n /1;1 n [’HX] z ZB (21)

n=0

q'e = ZB,EZ’A) Z—. (22)

We observe that B (x) is associated with % (k) (x;ﬂ,; q) given by (12) according with the fol-
lowing relation

B () =B (x:2:). 23)

q' (n+k)!

Further on taking £ =1in (21) and (22), we arrive at the following g-extension of Apostol-Bernoulli
polynomials and numbers

_l)zo/lnqne[nwc]qz _ EOBIEI(IA)(X)%, (24)
n n n] z l/l Zn
2/1 ZB — (25)

Here, B (x) is associated with B, (x; A; q) given by (10), according with the following relation
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1
B,(:;f)(x) =——B,., (x9). (26)

q (n+1) n+l

2. Ifwetake g — 1 in (18) and (19), we get the following class of Bernoulli polynomials B (x)
and numbers B,” @t

1 Xz 50 a, Zn

We - n=0 B” ! (X) n! ( | Z| ) lnl) (27)
1 N (@) 2

W:Zﬂ e (I2] <Ind). -

We observe that B ) (x) is not comparable with the definition of Apostol-Bernoulli polynomials
of order ¢, B (x A) defined by Luo and Srivastava [18] as follows

(ie - j ZB (29)

Rather it is related with Apostol Euler polynomials of order « , En(a) (x; l) [18] through the fol-
lowing relation

B (x)=——=& (x;2) (30)

3. If we set A =1in (18) and (19), we get the following g-extension of Bernoulli polynomials and
numbers of order &

1 oalal, - &
i TR LT

(-11> g[[i] AR .

|_|
3
I
(=]

Here, B (x) is not comparable with the definitions B, (X) given by (7) but we have the re-
lation between B( (x) and g-Euler polynomials of order ¢, Enflq ( ) (see [Luo and Srivastava [15])
by the following relatlon

B%(x) = ((;%ngy (). (33)
<) 49

We would like to remark here that B (x) given by (31) has an 1mprovement over B (x) given
by (7) in the sense that for non integral Values of a, it is polynomial of degree n in ¢” as obV10us from the
relation (34).
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Explicit Representations

Theorem 1. For a;, 1 € C, 0 < |¢| < 1, we have

(@) B (x)= Zn:(nj{[x] Vg B, (34)
J=0
(b) B(a,l) _ 1 = [a]q;n jﬂ,j . ”’ (35)
n,q (_l)a ]Z:(; []]q' q ([J]q)

Where B (x) and B l) are defined by equation (18) and (19). It is clear from (34) that B (x)
is a polynomial of degree n in q

Proof (a). Using the relation[x + n], =[x], +¢"[n],, we can write (18) as

A7 = [a] ©

St By

Using (19) in L.H.S. of (36), we get

n! (37)

e S | BT B S n!’ (38)

n

Using series manipulation and equating coefficients of Z—' we get the desired result (34).
n!

(b). Result (35) can easily be obtained from (19) on using series of exponential function and equat-
ing coefficients of Z_ )
n!

Form equation (34), it is easy to see that B,(fq’ﬂ) (x) is a polynomial of degree n ing™ .

We now calculate the values of g-Apostol-Bernoulli numbers B,S?;’l) and polynomials B}g,o;,z) (x)
for different values of n with the help of (35) and (34).

Few g-Apostol-Bernoulli numbers as calculated from (35) are
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0,q9 (_l)a (qﬂa,Q)a ’
B(a,ﬂ,) _ 6]/1 [a]q
1,q - o s
(-1 (gkg),, (39)
@) @A [a]q [a+1]q gA [“]q
2,9 - P - o ] geee
(_1) (qﬂ”q)wz (_1) (qz/l’q)ml

plan__1 1

B ()= B

B ()= B B (1) B

B () =B - B T LB 2B (1) B
Theorem 2. For a;, A € C, 0 < |¢| < 1, we have

B (x)= : ICDa,q(l,—n,x). (41)

CF &

Where (<) (z S, a)(see Choi et al.[5]) is a g-extension of generalized Hurwitz-Lerch zeta function
@ (z s a3 defined by Goyal and Laddha[9] and is defined as follows

(z,8,a) i —z" (u,seC;Re(a)>0). (42)

x], z

Proof. In (18), if we write exponential function """ in series form and compare it with (42) we

easily arrive at (41).

If we let ¢ =1 in (41), we get the following explicit representation for B (@) (x)

1

B (x)= =T O, (A,-nx)  (J4<1). (43)
Addition Theorem

Theorem 3. For a, 1 € C, 0 < |¢| < 1, we have

Hx+y)= Z( j{[y] " g” B (x) (44)
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Proof. It follows from (18) that

o0

Z q" q'A'e trxerly Z:B,(lo;'1 x+y Z| (45)

- =0 q- n=0 n:

Using the relation [x+n+y], =[y], +¢q”[x+n],, (45) can be written as

[y] z

n nAan [n+x],z a, Zn
Z q g'ae ZBn/)(xw);. (46)

Using (18), the above result assumes the following form

o0 I‘I

y]ZZBnq (x)g"” — ZB A(x+y)— (47)

n=0
n
. z. . . . . . . . z
Expanding %" in series form, using series manipulation and equating coefficients of — . we get
the result (44). n:

If we letg — 1in (44) we get the following addition formula for B,Sa’ﬂ) (x) , defined by (27)
B (xty)=3 (")B(“*“ x)y"*. (48)
O eer) =3B ()

If we take A =1 in (44), we get the following result for g-extension of Bernoulli polynomials of
ordera , B (x) defined by (31).

> n,q

“D(x+y)= Z( ]{[y] g B (x). (49)

Differential Formula

Thoerem 4. For ;, 1 € C, 0 < |¢| < 1, we have

d *In
_B(aﬂl) q q B a,2q) )
dx ™ (x) (q—l) n-lgq (x) (50)

Proof. Differentiating the generating function (18) w.r.t. x and using the following result

d {eﬂx]qz} _4""Ing o1,

> 51
dx qg-—1 Gl

we easily arrive at (50).

If we take the limitg — 11in (50), it gives the following differential formula for B}E”’ﬂ)(x) defined
by (27).
d a a
d—By(l 4) (X) = }’ZBIS_{&) (X) (52)
x
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If we take 4 =1 in (50), we get the following result for g-extension of Bernoulli polynomials of
ordera , B (x) defined by (31).

d qg'Ing .
EBU (x)= "ooD) B (x). (53)
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Resumen

En este trabajo se presentan algunos resultados para los operadores g-integrales fraccionales generalizados
de Erdélyi-Kober definidos por Galué (2009). Ademas, se establecen desigualdades g-integrales fraccionales para
funciones sincronicas usando los operadores g-integrales fraccionales generalizados de Erdélyi-Kober antes men-
cionados. Algunos resultados dados por Belarbi y Dahmani, Ogiinmez y Ozkan, y Sulaiman se derivan como casos
especiales de nuestros resultados.

Palabras clave: Operador g-integral fraccional generalizado de Erdélyi-Kober, desigualdades g-integrales
fraccionales, g-integracion fraccional por partes.

Some results involving generalized Erdélyi-Kober
fractional g-integral operators

Abstract

In this paper some results for generalized Erdélyi-Kober fractional g-integral operators defined by Galué
(2009) are presented. Also, fractional g-integral inequalities for synchronous functions are established using
generalized Erdélyi-Kober fractional g-integral operators earlier mentioned. Some results due to Belarbi and
Dahmani, Ogiinmez and Ozkan, and Sulaiman follow as special cases of our results.

Key words: Generalized Erdélyi-Kober fractional g-integral operator, fractional g-integral inequalities,
fractional g-integration by parts.
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Introduction

The most widely used definition of an integral of fractional order is via an integral transform,
called the Riemann-Liouville operator of fractional integration: [1, p. 146]

() = mj (x=0""p() dt, Re(a)>0,
dar )
= A p(x), —-n<Re(a) <0, neN.

Many authors, including Agarwal [2], Al-Salam [3], Kalia [4], Galué ([5]-[7]), Kalla et al. 8], Kalla
and Kiryakova [9], Kiryakova [10], McBride and Roach [11], Ross [1], Saigo [12], Samko et al. [13],
Saxena et al. [14], have defined and studied operators of fractional integration with their applications. We
mention here some of these operators:

Erdélyi-Kober Operator: [3, p. 4, Eq. (20)]

o
I f(x)= j (x—0)“ 47 f()dt, Re(ar) >0,
F( )
2
=x 7 ﬂ X7 f(x), —n <Re(a) <0.
- dx” v r] a+n
Basic analogue of Riemann-Liouville integral operator
Introduced by Al-Salam through [3]
f(x)—— '( ~1q), , f()dt, aeC, Re(a)>0. 3)

L, ()

g-analogue of Liouville fractional integral operator

The fractional g-integral operator Kq_”’ is a g-analogue of Liouville fractional integral and it is
defined by [3]

—a(a-1)/2 w
K, “f(x)= ql“T)L (t—x),., f(g“ydt, aeC, Re(a)>0. (4)

Basic analogue of Kober fractional integral operator

A basic analogue of Kober fractional integral operator has been defined by Agarwal [2] in the
following form:

X T

1 /()=

T, (1) [} "(c~tg), S0yt 1< C, Re(u) >0, 5)

q

where the order of integration u is arbitrary real or complex number, and

(x-), —x”ﬁ{ y/x)w} (6)

y/x
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The result (5) can be expressed as [14]

N (I-9) - k(Q1+n) k41 k
) =——"2>q"""\l-qg"" ), f(xd").
IOyt ) g

Basic analogue of Weyl fractional integral operator

A basic analogue of Weyl fractional integral operator has been defined by Al-Salam [3] as follows:

7.7

L N 97 X * . —(i+p1) (1-u)
K= L, () L (t=x), 07 g 0d e G Re(u) > 0. ()

The generalized Erdélyi-Kober fractional g-integral operator: Defined by [5]

nou P e Aln+D)-1 9
2 f (x)_—rq(#) [ (x* =#°q), 1 fOd ©
= P—g" )1 — gyt S LD b g kB, (10)

i (@9

Re(f),Re(p) >0, n€C.

As particular case of (9) we have

0.u.1 R 7 RNy 7 971 .
15 () =17 f(x)=x"1] f(x). (11)
The generalized Weyl fractional g-integral operator: [6]
NP .
Kyl fe = ﬁ—? [ =), g o (12)
q (lu) ’
0 i,
- Bl - ql/ﬁ)(l _ q)jt—l z (g i‘])k qk”f(xq 7(,u+k)/ﬁ) (13)
k=0 (q: Q)k

Re(/),Re(p) >0, neC.

On the other hand, various researchers in the field of integral inequalities, motived by the usefulness
of the fractional integral inequalities in fractional partial differential equations and in the solutions of
fractional boundary value problems ([15]-[18]), have explored certain extensions and generalizations by
involving fractional calculus operators. See for example references [15], [19]-[27].

In this paper some results for generalized Erdélyi-Kober fractional g-integral operators defined by
Galué¢ [5] are presented. Also, fractional g-integral inequalities for synchronous functions are established
using generalized Erdélyi-Kober fractional g-integral operators earlier mentioned. Some results due to
Belarbi and Dahmani [19], Ogiinmez and Ozkan [24], and Sulaiman [27] follow as special cases of our
results.
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Preliminares

In this section, we present some basic definitions, useful in our analysis.

The g-analogue of a complex number a is defined by [28]

1_ a
[a], =~ 1. geC\{1

The g-shifted factorial is defined as [29]
1, n=0
(a;q),, ={(1-a)(1- aq)(1- ag?)...(1—ag" "), n=1, 2...
[(1—-ag HY(1-ag?)..(1—ag™)] ', n=-1,2...

and
(a:q),, =lim(a;q), = [1(1-ag),
which converges for |q| <1 and diverges for a # 0 and |q|?1, and

(a;9), = (anﬂ neZ,
(a9"; @)
g-Gamma function

It is defined as follows: [29, p. 235, Eq. (1.35)]

q|<l.

T, (x) =(‘f—q)‘>°(1—q)“, 0<qg<l.
q"9).

Obviously,

L (x+1)=[x], T,x)

Basic hypergeometric series

This series is due to Heine (1846), [29]

2 (@9),(5:9),
24 (a,b;c;q,2) = L e
habean=2

(14)

(15)

(16)

(17

(18)

(19)

where it is assumed that ¢ # g™ for m=0,1,..., and (a;q), is the g-shifted factorial defined in (15).

The g-binomial theorem

One of the important summation formulae for hypergeometric series is given by the following

binomial theorem:

,F(a,c;c;2) = Fy(a;—z)= 2 @z” =(1-2)", z| <1,
n=0 n!
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whose g-analogue was derived by Cauchy (1843), Heine (1847) and others [29]

2(aq), . (azq)x
Do(a—q,2)= 2 ~z" =
1 =0 (q:q), (2 Do

2

z|<1,

g<1. (20)

The g-derivative operator
This is denoted by D, and defined for fixed g as [29, p. 22]

qu(2)=f((zl):—;)(zqz), z#0.g%1 D, f(0)=lmD,/(2). Q1)

For an arbitrary pair of functions #(x) and v(x) and constants &, 8 € R | we have linearity and
product rules [30]

D, (@ u(x)+ B v(x))=a(D,u)(x)+ AD,v)x) 22)
D, (u(x) . v(x)) = u(gx) (D qv)(x) + v(x)(D qu)(x). (23)

The g-integral
Thomae (1869) and Jackson (1910) introduced the g-integral in the following form [29, p. 19, Egs.
(1.11.2), (1.11.3)]

Lfwde=[ftdt—[; f(0)d,t,

where
L f(0d, i =a(l-q) X £ (aq")q" 4

The g-integration by parts
The following is the formula for the g-integration by parts [31]

1/ 0D,g)) dx = [r0 6]’ - [ (@)D, f)x) d,x. (25)

Further Results For Generalized Erdélyi-Kober Fractional Q-integral
Operators

In this section we establish some results for generalized Erdélyi-Kober fractional g-integral
operators defined by Galué [5].

Theorem 1. For Re(/),Re(1) >0, 0<g <1,
i) If 7 =0, then

1" f(x) =Mf(0)+1;’"‘“’ﬁqu (x), )

(1], T, (1)

provided that f'(0)exists.
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ii) If Re(n7) > 0, then

]Z’”’ﬁf(x) =q" ];7,/1+1,ﬁDq (f(x))+x_ﬁ [n]qlg—l,/m,ﬁf(x) 27

Proof. Making in (9) a change of variable and using (21) and (14), we get

1049 f(x) = ﬂ[l/?igmw 6 = ra) sy 1Oy, )
)
Since that [30]
D, ,(x-1), =-al], (x~-1q),_,
we can write
LI B, X7
[ f(x) = - g Dq,y(xﬂ —y),, y' (") d,y.

[p], T, () 7

Now, using the g-integration by parts (25), we have

44,5 :_ﬁ[l/ﬂ]q x P B _ n v\«
10 == Al = b

J:ﬂ (" - »a), D,(" (') dqy}. (29)

From this result making 77 = 0, after of some calculations and using (28) we arrive to the result
(26).

On the other hand, by applying the rule of the derivative of a product (23), (21) and (14)

D,(" £O)=q" v D,(F'D))+ 1, ¥ SO (30)

therefore, from (29) and (30)

4 p :_'B[l/'g]q x P B _ n 1p\|«* _
e | SR

q' IOM (v = ya), v D" d,y =T, f:ﬁ (" = yq), " £ dqy}-

From this expression, after of some evaluations and using (28), we get the result (27).

Theorem 2. If Re(f) > 0,Re(u) > 0,Re(n+1+v/fB)>0,neC,0< g <1 then

L, (m+1+v/p)
X
T (u+n+1+v/p)

e = B B (31)
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Proof. From (10) we get

[;,,,ﬁ{ } B(l- l/ﬁ)(l_q),u 1 z(é]q q‘]))k k(n+1+v/ B)

now, using the g-binomial theorem given in (20) we have

= B-q" (1 -y % dla"=a.a" ")
y+n+l+v/ﬁ,q)

- pa-ga—gr

n+l+v/p. x ’

> 0

finally, the application of (17) and (14) to this result leads us to (31).
Lemma 1. If K is a constant and Re(f) > 0,Re(u) >0, Re(n7) >—-1,0< g <1, then

L,(m+1D P

1K= BB, T

(32)

Proof. From (9) we obtain
B — B
12K} =K 17 {1
and using (31) with v =0 we obtain of desired result.

Theorem 3. If Re(f3),Re(u) >0, neC,0<g<1 then we have the following result for
fractional g-integration by parts

J, gl 17 fxy d e = [ () KM g(x) dx. (33)
provided that the g-integrals exist.

Proof. Let be
I=["g(g™" %) 17774 £ (x) d,x.

Using the definition of the operatos [/ ;7 o h (.) given in (10) and interchanging the order of
integration and summation, assuming absolute convergence, we get

I:ﬂ(l l/ﬂ)( gy 12((q ’q‘])) k(q+1/ﬁ)J‘ Ca y/ﬂx)f( k/ﬂ)dqx,

now, making a simple variable change and using the result (21), we obtain

1=p0-¢"")1- )’“Z((q qq)) (@ W) £y,

k=0
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and interchanging the order of summation and integration we have
1=[" 1w pl-q" 1=y 'Y 5 055a) g g “"’w)}d w
0 k=0 (q »q )k

Finally, interpreting this expression in terms of the operator K;”’ "#(.) we obtain (33).
Particular cases: 1) From (33) with = 1:

[ ea ) 1 () dyx = f(x) KP g(x) d,x. (34)

ii) Put # = — p in (34) and using (3)-(4),

[ ela™ ) 1 f(x) dx= gD [ X f(x) K, g(x) dx,
that is,
[ glg ) LIF(r) dxr=g" """ [ F(x) K, g(x) d,x, (35)
which is a known result [32, p. 159, No. (5.25)].

Fractional g-integral inequalities

In this section, we establish some fractional g-integral inequalities employing generalized Erdélyi-
Kober fractional g-integral operators defined in (9).

Definition. Two functions f and g are said to be synchronous on [a, b], if

(f()=f(»)gx)-g(y) 20, (36)

forany x, y € [a, b].

Theorem 4. Let p be a positive function on [0,00), f°, g synchronous functions on [0,00) and
1 ;””’ﬂ () a fractional g-integral operator, as defined by (9), then

I 1 1
ll e, I 1 ORI AV B, 8000

177 (g(0) 17 (£ () p(0)+ 177 (g(x)p(0) 17" (f () +
I57(f () 1P (g(x)p(x))+ 157 (£ (x) p(x)) 1747 (g(x)) -
177 (p0) 17 (f (08 (0)= 17 (f(x)g () 177 (p() (37)
where x>0, 0<g <1, Re(@) > 0,Re(f) > 0,Re(4) > 0,Re(v) > 0,Re(77) > ~ 1, Re(e) > - 1.

Proof. Since the functions f'and g are synchronous functions on [0,00) therefore from definition
(36), we have

(fO-rM)e)-g(»))=0,  t,ye[0,0)



Leda Galué 85
Revista Tecnocientifica URU, N° 6 Enero - Junio 2014 (77 - 89)

then as p is a positive function on [0,00)

(f@O - FMg®-gM)(p@®) + p(»))20

that s,

SOgp@®)+fOgOp(»)+ (Ve p@®)+ f(»)eg(y)p(y)=

JSOg»pO+ g p(V)+f(g@)p@)+ f(»)g®)p(y) (38)
Let be
F(n, u, f;x, t) = M(xﬂ - lﬂq)/k1 P x> 0,1 € (0, x) 39)

L, (1)

Observe from (6) that

F(ry,,u, ﬁ;x,t): L x A 4G+ %
L, (1)

i-sali-5a)-0-5q™)-

, k=012,
(D) (B S (B

then F(?], ,u,ﬂ;x,t) is always positive for all x>0,f€(0,x), since that ( - i—iqi)> 0, for
Re(f)>0,0< g <1,Re(1) >0, and the other terms are also positive under the conditions established
in the theorem.

Multiplying (38) by F (77, u,p ;x,t), taking the g-integration from the result with respect to #
from 0 to x, and keeping in mind the definition of /* 7 (-) operator, we get

];””’ﬁ(f(x)g(x)p(x) + p(y)IZ""”(f(x)g(X) + f(y)g(y)];]’ﬂ’ﬂ(l?(x) +

r,
B/ B, %f Mg P = g’ (f (x)p(x) +
gpWII P (f(x) + fFOII*P (g(x)p(x) + f () p(WI] P (g(x)), (40)

where we use (32).

Similarly, multiplying (40) by F (g,v,a;x, y), taking the g-integration from the result with
respect to y from 0 to x, and keeping in mind the definition of /;>"“(-) operator, we get (37).

If in the Theorem 4 we put £ =19, v =u, a = [ we get:

Corollary 1. Let p be a positive function on [0,00) f,g synchronous functions on [0,c0) and
1 Z’” -F () a fractional g-integral operator, as defined by (9), then
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Fq (77 + 1) ]n,#,ﬂ

T+l (f(0gx)p(0)= 1747 (2 (0) 147 (f () p(x)) +

B/ p]

172 (g(x) p(x)) 1747 (f ()= 1747 (p(x)) 1P (f (x)g(x)), (41)
where x>0, 0<¢g <1, Re(f)>0,Re(u)>0,Re(r7) > 1.

If p(x)= x* in the Theorem 4 we have:

Corollary 2. Let f* and g be synchronous functions on [0,00) and 1;* /() a fractional g-integral
operator, as defined by (9), then

Fq(n+l) ev,of A
qm% (" f(0)g(x))=

1579((0) 127 (v 100 1 g0) 177 (F(0)+ 12 (£ () 137 (v g 0)+

Fq(g +1) ]n,y,ﬂ(xﬂf(x)g(x))+ Bll/ B]

allla], —+—-—
[ ]qu(v+g+1) 1

[ (e+1+A/a)
‘T,v+e+l+i/a)

1 (£ ) 17 (g() -l a] I @)~

L,(n+1+4/p)

Teneiaaip” V@) 42)

Pl p]

where x>0,0<g<l, Re(a)>0,Re(f)>0,Re(rt)>0,Re(v)>0,Re(n+1+1/5)>0,
Re(e +1+ A/ ) > 0,Re(7) > -1, Re(g) > 1.
Proof. This result is obtained directly from (37) by replacing p(x)by x* and using (31).

Now, if we make @ = f# =1 then the Theorem 4 reduces to the following g-integral inequality
involving basic analogue of Kober fractional integral operator:

Corollary 3. Let p be a positive function on [0,00) [, g synchronous functions on [0,00) and
I ;7 *#(-) a fractional g-integral operator, as defined by (5), then

L+ r(n+) .,
TweerD (f(X)g(X)p(X))+—rq(ﬂ+n+l)1q (S (g0 p(x))2

1" (g(x) 17(f (x) p(x))+ 15" (g(x) p(x)) I1“(f(x))+
L2 (f () 17#(g(x) p(x))+ I (£ (x) p(x)) 17 (g(x))—
12 (p() IM(f(0)g ()= 12" (f (g (x)) 17 (p(x)) (43)

where x >0, 0 <g <1,Re(x)>0,Re(v)>0,Re(n7) >—-1,Re(g) >-1.
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Special Cases: i) Taking lijlll_ in Theorem 4 and Corollaries 1-3, and additionally making
o = =1 in Theorem 4 and Corollaries 1-2, we obtain integral inequalities involving Erdélyi-Kober

operators.

ii) For A=0,7=¢&=0,a = =1 in Corollary 2 and using (11) we get,

(g =

LoD CasD I (f(x)g(x))=

1;(8(0) 17 (fG))+ 1;(£ () £ (g(x) (44)
with x>0, 0<¢g <1,Re(u)>0,Re(v)>0.
This result corresponds to quantun version of the same given by Ogiinmez and Ozkan [24, p. 5,

No. 3.11)].

Taking lim

g1

in (44) we obtain the result given by Belarbi and Dahmani [19, p. 188, No. (16)].
iii) For 7 = & =0 in Corollary 3 and applying (11) we have,

v U

S L@+ L (g () p() 2

T T
1, (g() 1 (f (0 p(0))+ 1; (g0 p(x)) 17 (f () +
1, (f(0) 1; (g0 p(0))+ I, (f (x) p(x) 1 (g(x) -
1, (p() 17 (f()g(0) =1 (f()g(x) 1} (p(x)) (45)
x>0, 0<g<1,Re(x)>0,Re(v)>0,

which is a known result [27, p. 456, No. (3.2)].
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Resumen

Este articulo esta organizado en dos secciones seguidas de una lista de articulos seleccionados de los autores.
Probablemente este es el primer intento de escribir con todo detalle acerca de los operadores de Boechmians y J.
Mikusinski junto con las contribuciones de varios matematicos respecto a Bohemians. La teoria de distribuciones de
Schwartz fue desarrollada para dar un soporte y fundamentos matematicos comprensibles en la generalizacion de las
propiedades de la funcion delta de Dirac. A partir del trabajo de Sobolev y Schwartz, se hicieron intentos para gene-
ralizar el concepto de distribuciones. Colombeau construyd una nueva algebra diferenciable de funciones generali-
zadas conteniendo el espacio de distribucion, en el cual el producto puede ser definido. El concepto de Boechmians,
la mas reciente generalizacion de la teoria de distribuciones de Schwartz, esta motivada por los operadores regulares
introducidos y por Boehme. Boehme no adopt6 el nombre de Teoria de Bohemians, sino J. Mikusinski y P. Miku-
sinski fueron inspirados para desarrolar la Teoria de Boehme, que posiblemente adopto el nombre de Boehmians.

Palabras clave: Calculo operacional, operaciones de Mikusinski, funciones generalizadas, distriubuciones
de Schwartz, aproximaciones secuencial y funcional, Boehmian, espacio de Beohmian, Boehmian inteprable, boeh-
mian ajustado, ultra Boehmian

Boehmians revisited

Abstract

This article is organized in two sections followed by a list of selected research articles of the authors.
Presumably this is the first attempt to write every major and minor detials about Boehmians and J. Mikusinski
operators under one cover together with major contributions of various mathematicians with regard to Boehmians.
The theory of Schwartz distributions was developed in order to give a concerte and comprehensible mathematical
foundation for generalzing the properties of Dirac 0 — function. Starting from the work of Sobolev and Schwartz,
attempts were made to generalize the concept of distributions. Colombeau constructed a new differentiable alge-
bra of generalized functions containing the space of distribution, in which product can be defined. The concept of
Boehmians, one of the youngest generalization of Schwartz theory of distributions, is motivated by the regular
operators introduced by Boehme. Boehme did not, himself, coined the name, the Boehmian, rather J. Mikusinski
and P. Mikusinski were inspired to develop the theory of Boehme, which possibly (the conjecture) coined the name
Boehmian.

Key words: Operational calculus, Mikusinski operators, generalized functions, Schwartz distributions,
sequential and functional approaches, Boechmian, Boehmian space, integrable Boehmian, tempered Boehmians,
ultraBoehmian.
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On Operational Calculus and Mikusinski Operators

Theory of operators is an apparent prerequisite to study Boehmians and that brings the concept
of operational calculus closer to build a better understanding. Plesner [1], while studying the spectral
theory of linear operators, reinforced the foundation of operational calculus, which was later extended by
Detkin [2]. In the general theory of linear operators, function-operators play an important role. A rule of
correspondence established between a set of functions and a class of operators is : To every function F(A)
of a given set of functions there corresponds a unit operator F(A) and to the unit function F(A1)=1,
there corresponds a unit operator E and to the function F(A)= A an operator A . Matter of fact, the
question relates to the isomorphism between classes of operators and classes of functions, with a unit
operator corresponding to a unit function, and the operator A4 to the function F' (1) = A , whereas, to the
sum and product of functions, F|(A)+ F,(4) and F,(A)F, (A1), there correspond the sum and product of
corresponding operators.

The use of Laplace transforms restricted the range of applicability of operational calculus techniques,
which initiated Jan Mikusinski choose to revert to the original operational view point that did not depend
on the Laplace transform. Having started from

fe= [ f-)g@)dr

like Heavisides, he obtained an operational calculus through a straight forward algebraic path. Mikusinski
begun from the algebra of functions, where the convolution played the role of product. Even Mikusinski’s
operational calculus underwent remarks of containing deficiencies because of outright rejection of the
Laplace transform which obstructs the realization of some operational formulae. Raevskii could, later,
circumvent the difficulty by replacing Mikusinski’s expression by a convenient expression

d et
fe=—|, ru-ngdr.

The nucleus of Mikusinski’s reasoning is the idea of the operators, named after him, the theory of
which was established during 1950-52. He has represented the genus of fractional number of the type /g,
where f and g are functions in the limit 0 < x < oo . The division (f/ g) is understood as an operation,
which is the inverse of convolution. If the convolution of two functions f and /4 is denoted by /* A,
then 4= f/g. Polish and German scholars have extended Mikusinski’s perceptions. Mikusinski had
considered his operators a primitive on an infinite interval. Passage of time in fifties developed the theory
of operators on a finite interval, based on the preceding theory.

The algebraic treatment of Mikusinski’s operational calculus widened the scope of applications
of the techniques of which, according to him, “if the class of functions for which the Laplace transform
exists, then two approaches, one due to Mikusinski and the other the Laplace transform technique, are
equivalent. However, in the class of functions defined in a finite interval the Laplace or, for that matter,
any other transformation, does not reduce a transcendental problem to an algebraic one”. Infact, any
transformation can not translate the convolution

!
[ re-Dg@dr
with f(¢) =0, in the first half of the given interval to the usual product, since this convolution equals zero
[cf. Mikusinski [3], Shtokalo [4] for more details].

Unlike Mikusinski’s first theory of operational techniques (1950-52), which is dealt with (briefly)
in the preceding section, the theory propounded here is algebraic in nature and considered as an alternate
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approach to the problem of constructing a consistent theory of generalized functions [Mikusinski [5]].
It projects the process by which the concept of number is extended from integers to rational numbers
and provides a natural approach to operational calculus as well as to generalized functions. Although it
(Mikusinski’s theory) is successful with functions defined on the positive real line and has been extended
to functions of several variables of such type, yet it is not suitable to deal with functions of unrestricted
real variable or with functions on an arbitrary region of a space of n dimensions (n > 2).

Mikusinski showed that the set C[0,0), the letter C suggests continuous, with addition and
multiplication by scalars defined in an obvious way and multiplication of two functions a@,b of the set
defined by the convolution a*b, forms a commutative ring, which is called the convolution ring. By
virtue of Titchmarsh’s theorem [Sneddon [6], page 68], we observe that in this convolution ring, division
is a meaningful operation. Familiarity of this is found in when idea of division of integers is dealt with,
where division by extending the concept of number from integers to rational numbers in terms of classes
of equivalent ordered pairs of integers is ensured. In the present context, we consider ordered pairs of
elements of C[0,%0) and consider (a,b) and (c,d) to be equivalent, if a*d =c*b. The class of
all ordered pairs of continuous functions, equivalent to (a,b), is denoted by a/b, which is called a
convolution quotient.

In C, the set of all convolution quotient, we can define the operations of addition, multiplication by
a scalar, and multiplication and show that embedding of C[0,0) in C preserves all these operations. That
allows, therefore, to write (a * f)/ @ as f for any pair of continuous functions ¢ and f and (la)/aas A
for any scalar A.The unit element e in C may be written as a/a and it can be shown that multiplication
by e reproduces f, which confirms the identification of unit element in C with the Dirac delta function.

The assumption is that the positive real axis is considered (¢ > 0). Construction of the rational
numbers from the integers is mandatory to know Mikusinski operators and later, the Boehmians; but
those who are familiar with this may omit this part. The technicality involves the establishment of the
equivalence relations for the ordered pair of integers, the separation into equivalence classes, and the
verification of the independence of choice of representative of an equivalence class, for instance 6/5
and 30/25 are both representative for the class of quotients which are equivalent to 6/5. Now care must
be taken to construct the field of quotients, the naming of equivalence classes as rational numbers, and
embedding of the integers into this new system. We write a/b (for notations) to represent the elements
of the new system, where a and b are integers. The second element is not always zero. The operations
of addition and multiplication is simple matter for that cause. We observe that b/b plays the role of unit
element in the new system and that 0/ plays the role of zero. If a # 0, then the equation (a/b) (x/y) =
(c/d) has the solution (bc)/(ad) and it is unique. All these and little more make available the operational
calculus in which division is possible. In reference to what is written above, we obtain a model for the
construction of the convolution quotient from the continuous functions by the construction of the rational
numbers form the integers. Set of functions, which are continuous for # >0 are considered, the addition
that is taken is pointwise. Since pointwise multiplication does have non-trivial divisors of zero, whereas
convolution does not have so, the multiplication considered is convolution. We point out that equivalence
class (mentioned above) is named as Mikusinski operators or as generalized functions.

For g # {0}, which is the constant function, the convolution quotient g/g must appear, which leads
us to a unit element among the generalized functions. It may be noted that the subset of the Mikusinski
operator satisfies all of the properties of real (complex) numbers as well as the operational properties of
continuous functions, e.g. addition, multiplication by real (complex) numbers and convolution, which
are required for multiplication of functions by numbers. As a consequence, within the field of Mikusinski
operators (generalized functions) we can now consider addition of a number and a function, see Buschman
[7] for relevant information.
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We should have complied with the regulation of describing the generalized functions or the Schwartz
theory of distributions, of which the Boehmian is called the youngest generalization, prior talking about
Boehmians. We have, at the last moment, negated this idea for the simple fact that generalized functions
have wide familiarity among readers, and moreover, due to paucity of space. However, we give a brief
note on the generalized functions prior moving to the section(s) only on Boehmians.

There are some problems encountered in applied mathematics when transform methods are applied
to analyze physical situations in which impulsive forces or point sources are involved. Introduction
of Dirac delta function simplifies formal calculations. But the rules for doing the manipulation do not
follow, in natural way, the methods of classical analysis. This, possibly, led to the advent of the concept
of generalized functions. Bochner [8] and Sobolev [9] have coined first ideas of such an approach but
the firm foundation was put by the work of Schwartz [10], culminating in the publication of his treatise.
Zemanian [11, 12] exhibit excellent study on this concept.

Paul Dirac [13] introduced, for the first time, in quantum mechanical studies, the delta function
which possesses the property o(x) =0,x# 0 and S(x)p(x)dx = @(0),p e C. It was soon pointed out
by mathematicians that from purely mathematical point of view this definition is meaningless. It was, of
course, even clear to Dirac himself that the & - function is not a function in the classical sense and, what
is important, it operates as an operator (more precisely as a functional) that relates, via above formula to
each continuous function @ a number ¢(0), which is its value at a point O.

The simplest attempt at such a generalization,i.e., to generalize the entire concept of a function, is
due to Mikusinski [ 14] which is developed by Temple [15, 16]. This method defines generalized functions
as classes of equivalent fundamental sequences of continuous functions, which is similar to that used when
real numbers are introduced with the help of fundamental sequences of rational numbers. References for
further reading, among many others, are Beltrami and Wohlers [17], Bremermann [18], Carmichael and
Pilipovic [19], Debnath [20], Debnath and Mikusinski [21], Erdélyi [22], Friedmann [23], Gel’fand and
Shilov [24, 25, 26, 27, 4 vols.], Hoskins [28], Korevarr [29], Mikusinski and Sirorski [30], Pandey [31],
Zemanian [11,12]. Distributions are generalization of locally integrable functions on the real line, or more
generally a generalization of functions which are defined on an arbitrary open set in the Euclidean space.
The mathematical theory called the theory of distributions, which enabled the introduction of the Dirac
delta function without any logical restrictions, was coined in forties of the preceding century. As once the
theory of real number was generalized, this theory generalized the notion of function.

The two most important approaches in theory and practice are: functional approach advented
by Soboleff [9] and Schwartz [32] where distributions are defined as linear functionals continuous in
linear spaces; sequential approach given by Mikusinski [14] , where distributions are defined as class
of equivalent sequences. It may be noted that among important, in practice operations, are regular and
non-regular operations. For example, the two argument operations of product 4A(@,¥)=@ ¥ and
the convolution A(@,¥)=@*y are not regular operations and, therefore, they cannot be defined for
arbitrary distributions. Mikusinski [33, 34] devised a general method to define irregular operations on
distributions (see also Antosik et al. [35]).One may also refer to Mikusinski [36], Kaminski [37], Antosik
and Ligeza [38] among others.

The alternate approach is to study distributions as limit of sequences of functions. Logical
construction of such limits is based on the Cantor’s concept of equivalence classes. To each distribution in
the functional approach there corresponds one distribution in the sequential approach, and conversely. The
approach is to establish, first, the usual property of the distribution as a derivative of continuous function
and then develop the remaining on the basis of both, as a limit of continuous functions and as a derivative
of a function of a distribution [cf. Lojasiewicz [39] and Zielenzny [40]].
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The fundamental term to form the basis of the sequential approach is the identification principle.
Oriented segments x and Y are said to be equivalent if they are parallel and have the same length and
orientation, we write Xy, which has the properties, (i) x ~ x (reflexive), (ii) if x ~y, then y ~x
(symmetric) and (iii) if x~ Y, ¥y ~z, then x ~z (transitive). By means of equivalence relation we
obtain a decomposition of the set of all oriented segments into disjoint classes such that the segments
in the same class are equivalent and in different classes they are not, by virtue of Cantor’s definition of
real numbers. Rational numbers are the basic concepts for understanding Cantor’s theory, the functions
continuous in 4 <x < B (-0 <4 < B <o) are the starting point for the theory of sequential approach. A
sequence {F,(x)} of continuous functions (A <x < B) is called a fundamental sequence if there exists
a sequence {F,(x)} and an integer k>0 such that Fn(k) = f.(x) and the sequence {F,(x)} converges
almost uniformly.

If there exists sequences {F,(x)} and {G,(x)} and an integer £ >0 such that
() F,Y = £,(x) and G = g, (x)
(i) F,(x)=><=G,(x),

then the fundamental sequences {f,(x)} and {g,(x)} are said to be equivalent, we write {f,(x)} ~ {g.(x)}. In
other words, fundamental sequences {f,(x)} and {g,(x)} are equivalent if and only if the sequence given
by f1(%), g,(x), £5(x), g5(x), ... is fundamental and moreover, in that case there exists an integer k >0
and the continuous functions ,(x) and G, (x) such that F*' = £ (x) G\” = g,(x) and the sequence
F(x), G(x), F5(x), Gy(x), ... converges uniformly and, consequently, (i) and (ii) hold true. By virtue
of conditions (i) - (iii) (i.e. reflexive, symmetric and transitive as dfined above), the set of all fundamental
sequences {f, (x)},4<x<B, is partitioned into equivalence classes without common elements such
that two fundamental sequences are in the same equivalence class if and only if they are equivalent, which
(the equivalence classes) will be called distribution in 4 < x < B . The notion of the distributions is, thus,
obtained, from the identification of equivalent fundamental sequences, those distributions are denoted by
[/, ()]

Denoting by 0, is the zero distribution, which is the distribution coinciding with the function identically
equal to zero, we mean 0+ f(x)= f(x) and 0- f(x)=0. The symbol 0 has two interpretations, for
the former it means number zero and for the latter, it is zero distribution, Loonker [41] and Krystyna [42].
A formal definition of distribution was due to Mikusinski [43], based on which Mikusinski and Sikorski
[30, 44] developed sequential theory of distributions and later Mikusinski and Antosik [35] wrote the
monograph. Mikusinski’s definition of distributions in sequential sense is analogue to the definition of real
numbers in the Cantor’s theory.

The operations, addition of smooth functions, difference of smooth functions, multiplication of a
smooth function by a fixed number A;1¢ , translation of the argument of a smooth function @(x+#),
derivation of a smooth function of a fixed order m ; (D(m) , multiplication of a smooth function by a smooth
fixed function w; we, substitution of a fixed smooth function @ # 0, product of a smooth function with
separated variables; @,(x)@,(y) convolution of a smooth function with a fixed function @ from the
space D (of smooth functions whose supports are bounded); (f ® w)(x) = IRgo(x —t)w(t)dt, inner product
of a smooth function with a fixed function form the space A; (p, w) = ngo(x)a)(x)dx, are all regular. An
advantage of the sequential approach to the theory of distributions is the simplified way of extending to
distributions many operations which are regular. Moreover, we know that every distribution is locally a
distributional derivative of a finite order of a continuous function. It is also a natural consequence that the
sequence (f ®0,) is distributionally convergent to f(i.e., fundamental for /) for an arbitrary distribution
f eR', where (6,) is the delta sequence.

Jan Mikusinski also explored the theory of integration. His definition of the Lebesgue integral
is simple and possesses clean geometrical meaning, which can be formulated for functions defined in
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R* with values in a Banach space which yields a uniform approach to the Lebesgue and the Bochner
integrals (both have a great cohesiveness to Boehmians). The function f:R* - X (f:R* ->R"),
where X is a Banach space, is called Bochner (Lebesgue) integrable if there exists a sequence of interval
I,=la,,.b,)x...xa,,b,) in R in R and a sequence (4,)sen of elements of X such that

ik

0

2.

n=1

l’l

vol(/,) <o

and

F@) =Y 2,2,00.

atthose points x at which the series is absolutely convergent, where X; denotes the characteristic function
of an interval /.

Bochner (Lebesgue) integral of a function satisfying above conditions, is defined by
[7=2|4] vol(z,),
n=1

which is equivalent to the classical definitions of Bochner and Lebesgue integrals, see Mikusinski [45].

Introducing Boehmians

That we are writing in this section is one of the youngest generalizations of functions and more
particularly that of Schwartz theory of Distributions, devised by Thomas Kalman Boehme, descendant
of Prof. Arthur Erdélyi, who earned his degree of Ph.D. from California Institute of Technology in 1960.
Instead of writing on Boehmians and the Boehmian space straightway, we desire to mention, very briefly,
some relevant and fruitful thoughts given in the Thesis of Boehme [46]. In his thesis, the finite part of
divergent convolution integrals is studied and explored by utilizing Mikusinski’s operational calculus
(possibly that is the coining of the idea for Boehmians). In Chapters 2 and 3, the concept of an analytic
operator function is utilized. An operator function f(z) is said to be an analytic operator function on
an open region § of the complex plane if there is an operator g # 0 such that af (z) = {af (z,f)} has a
partial derivative with respect to z , which is continuous on S x 0, ). Let f(z) be an analytic operator
function and {f(z.7)} is a continuous function on S x [0, «). Suppose also that for each t >0, f(z,?) isan
analytic function on z on larger region S © 8. Let f(2) is an analytic operator function on S” such
that f(z) = f(z) on S. Then the operator function f~(z) is called [ FP f(z,f)} on S*.

In fact, the use of the finite parts of divergent integrals started with Cauchy who used, what he called
“intégrale extraordinaire”, to give a sense to the gamma function for negative values of the argument. This
notion has been used and extended by various authors, among them are Schwartz [10] and Lighthill [47]
who have applied the theory of distributions to extend the idea of the finite part of divergent integrals.
Butzer [48] used the Mikusinski’s operational calculus to study the finite part of the divergent convolution
integrals.

. For certain functions {f(z,?)}, [cf. Boehme [46, Chap.3] ], the finite part of the convolution integral
_[Og(r—u) f(z,u)du has been defined by Hadamard [49] and Bureau [50] even though for some values
of z, the function {f(z.,f)} is not a Lebesgue integrable function.

The idea of construction of Boehmians is coined from the concept of regular operators introduced
by Boehme [51], which form a subalgebra of the field of Mikusinski operators and they, thus, include
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only such functions whose support is bounded from left. Mikusinski and Mikusinski [52] attempted to
generalize the notion of regular operators so as to include all continuous functions and to formulate a
general construction of Boehmians. Strictly speaking, the space of Boehmians contains all regular
operators, all distributions and some objects which are neither operators nor distributions. Mikusinski
[53] introduced and studied the convergence of Boehmians, where the space furnished with the induced
convergence, appears to be a complete quasi-normed space. For every ring without zero divisors, there
exists the corresponding field of quotients.

The space C™ of all continuous functions on the real line R with supports bounded from left forms
a ring without zero divisors with respect to the convolution. The field of quotients for the space C" is
called (usually ) the field of Mikusinski operators, which is when replaced by the space of all continuous
functions C, the construction of the field of quotients becomes impossible due to the presence of zero
divisors in C'. The construction of Boehmians is similar to that of the field of quotients and in some cases,
it is interesting to note, it gives just the field of quotients. On the other hand, the construction of Boehmian
is possible where there are zero divisors, such as the space C .

Let G be a linear space and S be the subspace of G . Let to each pair of elements f € G and
@ €S, the product f * g is assigned (* is a map from G'x S to G ) such that

()if @, €S ,then p*y €8 and *y =y *¢@
(i) if feG,o,weS then (f*p)*y = f*(p*y)
(iii) if />€€G, €S and 1€ R ,then
(f+)*p=[f*p+g*p
and A( fxp)=(4 f)*o .
Let A be a family of sequences of elements from S such that
(iv)if f,g€G,(5,)eA and f*0,=g%5, (n=1,2,...),then f =g .
W)if (9,) (5,) € A, then (¢, #5,) €A

Elements of A will be called delta sequence. Consider the class A of pair of
sequences defined by A={(f,).(¢,): (/)= G .(p,)e A}, for each neN . An element

((f,).(@,)) € A is called quotient of sequences, denoted by f,/¢@,, if

fixo,=f,*p,, Vi,jeN .
Two quotients of sequences f,,/@,, and g /v, arecalled equivalent, denotedby f, /@, ~ &,/v¥,,,
if
Jn ¥V, =8, %0, , YmneN ,
which splits A into equivalence classes, of which the class containing f,/®, is denoted by [f,/®,]

These equivalence classes are called Boehmians and the space of them is denoted by B = B(G,A)
Following illustrates the behaviour of Boehmians for the algebraic properties.
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(i) The sum of two Boehmians and the multiplication by a scalar are defined by

[.f;;/go}) ] +[gi?/ '//H] - [(c}(;l * [//H) + (gfl * g)ff)/(goh' * "[/”)]

and
lof,/o,]1=1cf,/p,], aeC.
(i1) The operation * and the differentiation are, respectively, defined by
[nfi‘l/qoﬂ ] * gil/ l//h' ] - [(nf;l * gi? )/(qD” * l//h')]
and

D[ /o, 1= 1D [,/ o,].

In particular, if [f,/®,1€ B and § € § is any fixed element, then the product * is defined by

[/ @ )x8=1(f, *3)e,],
which is said to be in B(G,A).

More often G, which is also the quasi-normed space, is found to be equipped with the notion of
convergence. The intrinsic relationship between this notion of convergence and the product * are given
by

()if f, = f asn—> o0 in G and @ € S be any fixed element, then f, *®, = f *@ as n — ©
inG.

(i) if f, > f asn—> o0 in G and (5,) €A, then f,*5, > f asn—>o in G.

In the Boehmian space B the O - and A - convergences are stated as:

(i) A sequence of Boehmians (x,) in the ;JBoehmian space B is said to be 0 - convergent to
a Boehmian x in B, which is denoted by x, —> xif there exists a delta sequence (8,) such that
(x,%5,) (x*5,)eG,Vne N and (x,*6,) > (x*6,) as n > in G, VkeN.

(ii) A seqgence of Boehmians (x,) in B is said to be A- convergent to a Boehmian X in B,
denoted by x, — x if there exists a delta sequence (J,) € A such that (x, —x)*5, € G,Vne N and
(x,-x)*6, >0 as n—>oin G.

Suppose U is an open set. Then a Boehmian x € B is said to vanish on U if for each compact
set K c U there exists a representative f,/@, of ¥ suchthat f, =0 on K for each n € N . Thus, the
support of a Boehmian x is defined as the complement of the largest open set on which x vanishes. In
what follows is an example of a Boehmian space in which the distributions D" can be imbedded.

Consider G = C”*(R), which is equipped with the topology of uniform convergence on compact set
S=D(R). Let A be the class of sequences from D, which satisfies the conditions _[R o (x)xd=1, J |0,(x)| <
M and supp 8, -0 as n—>o0.For f € G,peS, the convolution * is defined by (f * ¢) = |, f(x — 1)
@(t)dt. Indeed, * defines a map from G xS to G and a member of A satisfies the conditions

() if a,f€G,(5,)€A and (a*65,)=(B*5,) foreach ne N, then = in G, and
(i) if (0,) (@,) €A, then (0, *¢@,) €A,

and thereby generates a Boehmian space, which is B = B(C” (P ), A), members of which are called C*
-Boehmians. In another case, consider G to be set of all locally integrable functions on R and identify
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two such functions, whenever they are equal almost everywhere with respect to the usual Lebesgue
measure on R, the topology of which is taken to be the semi-norm topology, generated by

p.(N=[" |flda n=12,...

Also consider § =D(R) and A is the class of sequence from D (discussed in preceding sections).
Then a corresponding Boehmian space B = B(G,A) is obtained, called the space of locally (or local)
Boehmians. D'(R) can be imbedded continuously in both the above mentioned Boehmian spaces in the
sense that the map D' € B, given by u — (u * d,)) / §,], defines a one-to-one function in such a way that
u, > u in D" implies X, — X in B, where x = [(U,, * J,) / 0,] andx = [(u * J,,) / O,].

Mikusinski [54] has constructed a Boehmian space B, consisting of integrable Boehmian, on

which the Fourier transform is defined as a continuous function. The Boehmian space B L is constructed
due to G = L(R) and the class A, which satisfies the conditions

[ 6,(dv=1,YneN

|(5”

|<M, for some MR andall ne N
lim
n—ow ‘.‘r|2>£

and (f ) = [/ (x=»)g(dm(y) |

S, (x)‘dx =0 ,foreach £>0

where * is the convolution, except for the use of ordinary Lebesgue measure, in place of normalized
Lebesgue measure. Mikusinski [54] has also shown that whenever [f,/o,]1e B L

£.0= [ e

converges uniformly on each compact set in R. Then the Fourier transform of an integrable Boechmian
[f./®,] is defined as the limit of {f,} in the space of continuous functions on R. Mikusinski [55,
56] suggested an extension of space of the Fourier transformable Boehmian containing the tempered
distribution S’. The space of tempered Boehmians, which is denoted by B, , is constructed by taking
G =T, which is the space of slowly increasing functions on R. Note also that every distributions is the
Fourier transform of a tempered Boehmian.

In what follow is the published research work of authors (of this article) related to Boehmians.
Looking into both aspects the paucity of space and degree of tolerance of the reader, only the abstract of
each paper is given, without destroying the inquisitive thirst of the reader.

1. On the Mellin transform of tempered Boehmians, U.P.B. Sci. Bull. Series A, 62 (4)(2000), 39-48.

Two theorems have been proved on the characteristic theme, that the Mellin transform of tempered
Boehmian is a Schwartz distribution. The Mellin transform f (is) of slowly increasing function f* is the
distribution, given by

<}(,-s), ;0(,-_9)> =27(f (). p(e)).
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The Mellin transform IAT of tempered Boehmian F =[f,/¢,] is the limit of {f,} in D’ (the space
of distributions). Statement of one of the two theorems proved is, If [ f,/®,] € B, " then the sequence U

converges in D'. Moreover, if [f,/¢,1=1g,/7,] €B,, then the sequences {f,} and {g } have the
same limit for the Mellin transform of tempered Boehmians.

2. Wavelet transform of the tempered Boehmians, Hadronic J. Suppl. 18 (2003), 403-410.

This paper deals with the extension of tempered distribution to a class of Boehmians known as
tempered Boehmians and defined it on the wavelet transform. Central theme being proving that the wavelet
transform of a tempered Boehmian is a distribution, i.e., we have characterized the distributions of the
transformable Boehmians. The inversion theorem is also proved. In proving the theorems, continuous
Gabor transform (or windowed Fourier transform) of f* is used [cf. Debnath [57]] and then the Parseval
formula for the Gabor transform is invoked.

3. Wavelet transform for integrable Boehmians (with Lokenath Debnath), J. Math. Anal. Appl. 296
(2) (2004), 473 - 478 .

By applications of continuous wavelet transform and invoking Burzyk’s conjecture, the wavelet
transform for integrable Boehmians is obtained. Inversion theorem is also proved. Wavelet transform is
[cf. Koorwinder [58]]

(@,/)@.b) = [[(¥)g,,(x)x = F(a,b)

where feI’(R"),aeR’,heR?,R is a set of real numbers, d=1, R* = RA0} (D, /)=
(f #h,)(B), and h(x)= g(—x).

4. Ultradistribution and ultra-Boehmian of wavelet transform (with S. L. Kalla), Hadronic Journal,
29 (2006), 485-496.

We have investigated certain testing function space for the wavelet transform. Also obtained are
ultradistribution and ultra-Boehmians for the wavelet transform. Section 2 deals with the testing function
space Z of the wavelet transform, Section 3, based upon the statement (Theorem proved there) that, the
space of all ultradistributions Z contains the space S of tempered distributions, establishes the result
for ultradistrbution of wavelet transform. While extending the wavelet transform to the ultra-Boehmian
space in Section 4, it is proved that, if Lf./o,1€ B., then the wavelet transform converges in D , and
further, if [ f,/@,1=[g,/7,] belongs to B_, then the wavelet transform converges to the same limit to
which do ultra-Boehmians.

5. The Cauchy representation of integrable and tempered Boehmians, Kyungpook Math. J. 47
(2007), 481-493.

The paper proves results based on the concept that, a relation between the Cauchy representation
of the Fourier transform of the functions in L, -space and a decomposition of the Fourier transform into
two parts, each of which gives an analytic function in the half plane, define that the decomposed transform
is convergent for classes of functions larger than those in L, -space .Section 2 investigates the Cauchy
representation of integrable Boehmians by invoking the relation between the Cauchy representation and
the Fourier transform and using properties of the former in L, -space. In Section 3, we have investigated
the Cauchy representation of tempered Boehmians. Inversion formulae, for results in Section 2 and 3, are
also proved. The conclusive remark of the paper is, the Cauchy representation of an integrable Boehmian
and the tempered Boehmian is a distribution.
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6. Hilbert Transform for Lacunary Boehmians, Global J. Math. Anal. 1 (1-2)(2007), 85-90.

A series of the form _E a, exp(iit), where {4,} is a sequence of positive integers for which

inf (4,,11/4,) > 1 and A_, =/, foralln € N, is called a lacunary series. Nemzer [59] has investigated the
space of the lacunary Boehmians, which has lacunary Fourier series representation. In the present paper
we study the Hilbert transform for the lacunary Boehmians. A sequence of positive integers {4} is
called Hadamard-lacuanry or simply lacunary if there exists a constant ¢ >1 such that 4 ,, > gA, for
all n.

7. Mellin transform of fractional integrals for integrable Boehmians, J. Indian Math. Soc. 74 (1-2)
(2007), 83-89.

The Riemann-Liouvelle fractional integrals, [Samko et al. [60]], for a function ¢(x) € L,(a,b)are
extended from finite interval [a,b] to half axis [Samko et al. [60], page 94] by the formula

e @(A)_ﬁj (x=0)""p)dt 0<x<o

the Mellin transform of which is [cf. Podlubny [61] page 115]

“ 0)(: d
(5. p)(x) = F() @( x$)g(5)dS

8. Generalized Stieltjes transform and its fractional integrals for integrable Boehmians, Austral. J.
Math. Anal. Appl. 5 (1) (2008), 1-8

Using the distributional Stieljes transform and the Parseval relation for the generalized stieltjes
transform, in Section 2, a lemma is proved which is further used in proving an important theorem. Section
3 exhibits use of fractional integral operators for integrable Boehmians.Stieltjes transform of fractional
integral opeartor is investigated for integrable Boehmians which shows that the Stieltjes transform of
fractional integral operator for an integrable Boehmian F = [f,/5,] is defined as the limit of (G, 17’ f,)
, which is the space of continuous functions on R.

9. Fourier sine (cosine) transform for ultradistributions and their extensions of tempered and ultra-
Boehmian spaces (with S. K. Q. Al-Omari and S. L. Kalla), Integral Transforms Spl. Fuct. 19 (6) (2008),
453-462.

This paper has regarded ultradistributions for the Fourier sine (cosine) transform on certain dual
testing space and extension of them on tempered and ultra-Boehmian spaces.

We conclude with a remark that for explanations of notations used and detailed calculations of the
results therein, one may refer to original papers, mentioned above. It may not be out of place to mention
that some of our work, which are not included above, are viz. Banerji and Loonker [62], Banerji [63],
Loonker and Banerji [64, 65, 66, 67] and Banerji and Loonker [68] , Singh et al. [69], Loonker and Banerji
[70], Singh and Banerji [71, 72], Loonker and Banerji [73], Singh et al. [74].
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Resumen

En el presente trabajo se estudia la posibilidad de solucionar la ecuacion funcional de Frank con pares (U,V),
donde U es una u-norma y J’ es una n-norma. También se desarrolla el concepto de a-norma en relacion a la ecuacion
funcional anterior, asi como la construccion de operadores TR a partir de n-normas y n-normas k-Lipschitcianas.
Finalmente se hacen algunas consideraciones sobre n-normas isomorfas.

Palabras clave: N-norma, a-norma, transformacion de relevancia (TR), funcion k-Lipschitz, n-norma
isomorfa.

Some properties of N-norms (II)

Abstract

In this paper we study the possibility of solving the Frank functional equation with pairs (U,V) , where U is
an u-norm and V is a n-norm. We also developed the concept of a-norm related with the above functional equation,
as well as building up operators RT from n-norms and n-norms k-Lipschitcianas. Finally, some considerations on
isomorphic n-norms are made.

Key words: N -norm, a-norm, RT-Transformation, k-Lipschitz functions, isomorphic n-norms.

Introduccion

El concepto de n-norma, norma nula o “null norm” es una variante de los conceptos de t-norma,
s-norma(t-conorma) y u-norma(uninorma), el cual fue propuesto por T. Calvo en [3]. Su importancia co-
mienza a aumentar, tanto en el campo de las Funciones Asociativas, como en sus aplicaciones, sobre todo
en los Sistemas Expertos, Cuantificadores Borrosos, etc. (Vea: [4], [8] y [9]). Inclusive ya se esta traba-
jando en las denominadas n-normas no conmutativas (Vea: [2] ). En el presente trabajo se repasan algunos
conceptos y ejemplos del trabajo anterior (Vea [13]), con el objeto de establecer la debida conexion entre
ellos. Luego se procede a estudiar la posibilidad que existan pares (U, V), donde U es unau—normay V es
una n — norma, tal que solucionen la ecuacion de Frank. Como veremos tal cosa no es posible, y por eso
cambiamos la n-norma, por una operacion binaria mas débil, como son las a-normas. Viendo que en este
caso, si hay solucion a la ecuacion funcional. Posteriormente, estudiamos la construccion de operadores
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TR, a partir de n-normas, tal como se habia hecho en trabajos anteriores, con las t-normas, s-normas y
u-normas. Después hablamos de n-normas Lipschitcianas y finalmente, se construyen n-normas isomorfas
a una dada.

En este trabajo no incluimos las posibles aproximaciones de Shepard, tal como se hizo en [12], ni
estudios de distributividad de n-normas con otras operaciones binarias, y tampoco de las posibles cons-
trucciones de implicaciones o co-implicaciones con n-normas, siendo esto, material para un futuro trabajo.

Finalmente, quiero resaltar que este trabajo esta especialmente dedicado al Dr. Shyam Kalla, emi-
nente matematico, nacido en la India, de magnifica trayectoria en su pais, Argentina, y sobre todo en
Venezuela, Universidad del Zulia, Kuwait, etc. En todos ellos hizo una gran labor a nivel de post-grado,
guiando numerosas tesis de grado a nivel de maestria y doctorado. Y quien, en mi, produjo una gran in-
fluencia hacia los diferentes campos de la Matematica Aplicable. {Honor a su gran labor!

Preliminares

Daremos algunas definiciones importantes en el desarrollo del tema.

Definicion 2.1

Una t-norma T es una operacion sobre I = [0, 1], tal que cumple los siguientes axiomas:

t) Tx,y)=T(y,x)Vx,y el (Conmutatividad)

(t.2) T(T(x,y),z) = T(x, T(y, z)) Vx,y,z€l. (Asociatividad)

t)x<y =Tz <TWy2z)Vx,y,z€I. (Monotonia creciente)

(t4) T(x,1) = xVx el (Existencia del elemento neutro)

Definicion 2.2

Una s-norma o t-conorma S es una operacion sobre I = [0, 1], tal que cumple los siguientes axio-
mas:

(s.1) S(x,y) = S(y,x)Vx,y € 1. (Conmutatividad)

(s.2) S(S(x,y),2) = S(x,S(y, z)) vx,y,z €l (Asociatividad)

(s3) x < y = Sx,z2) £S(y,z) Vx,y,z€l. (Monotonia creciente)

(s4) S(x,0) = xVx €l (Existencia del elemento neutro)

Definicion 2.3

Una u-norma o uninorma U es una operacion sobre I = [0, 1], tal que cumple los siguientes axio-
mas:

wh)U(x,y) = Uly,x)Vx,y €l (Conmutatividad)

w2)UU(x,y),z) =U (x, U(y, Z)) Vx,y,Z €. (Asociatividad)

wW3)x<y = Ux,z) <UWy,z)Vx,y,z €l (Monotonia creciente)

(u4)Existe e € [ tal que: U(x,e) = xVx € I. (Existencia del elemento neutro).

Como vemos, los tres primeros axiomas de cada una, coinciden. Asimismo cuando e = (), tenemos
que una u-norma es s-norma, mientras que si e = 1, la u-norma es t-norma.

Para un estudio bastante completo de estas operaciones ver: [1], [2], [5], [6], [11] y [12].
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Definicién 2.4

Una n-norma o norma nula V es una operacion sobre I = [0, 1], tal que cumple los siguientes
axiomas:

(1) Vx,y) = V(y,x) Vx,y € ]. (Conmutatividad)
n2) VIV(x,y),z) = V(x, V(y, z)) Vx,y,z €. (Asociatividad)
m3)x<y= V(x,z2) <V(y,z2)Vx,y,z €l (Monotonia creciente)

(n.4) Existea € (0,1) talque V(x,0) =xVx € [0,a]l yV(x,1) = x Vx € [a, 1].

Algunas Propiedades de la n-norma

Para la demostracion de las siguientes propiedades de la n-norma, vea [13].

a) V(x,a) = V(a,x) = a Vx € I. O sea a es ¢l elemento absorbente o aniquilador de V.
Ademas, tenemos que: V(x,y) = a,V(x,y) € ([0, a] X [a, 1]) U ([a, 1] X [0, a]) = R..

b) Si IV es una n-norma entonces:

T, (x,y) = Tla(V(a +(1-a)x,a+(1—-a)y)—a)(3.1)

es una t-norma que recibe el nombre de t-norma asociada a la n-norma V.

Asimismo:

1
Sv(x,y) ==V(ax,ay) (32)

es una s-norma que recibe el nombre de s-norma asociada a la n-norma V.

¢) Para una n-norma V" de elemento absorbente a € (0, 1), tenemos que:

> max{x, y} si (x,y) € [0,a]?
V(x,¥){ < min{x,y} si (x,y) € [a,1]?
= asi(x,y) e R,

Donde: R, = ([0, a] X [a, 1]) U ([a, 1] X [0, a]).

d) Sea / una operacion binaria sobre I: conmutativa, asociativa, mondtona creciente y cumpliendo
la propiedad de valor intermedio en cada componente. Entonces: (0,0) = 0y V(1,1) = 1 siysolosi V/
es t-norma, s-norma, 6 n-norma.

e) A partir de una t-norma 7'y de una s-norma S se puede construir una n-norma V, para cadaa €
I. En efecto:

Sea 7' una t-norma, S una s-norma y a € (0, 1). Entonces existe una tinica n-norma V' = Vg, tal
que: Ty =T,8S,=TyV(x,a) =a Vx € I. Siendo ésta:

as (g%) (x,y) €10,a]?

X—ay—a
1= a,m) (.X,y) € [a, 1]2 (33)
ae.o.c

Ve, =
TS a4+ (1- a)T(
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Ejemplos de n-normas

Los siguientes ejemplos son construidos usando la propiedad (e). Para mayores detalles y gréficas,
vea [13].

1) Sean: T, (x,y) = xy la t-norma producto y S, (x,y) = x + y —xy la s-norma producto, y sea a
€ (0, 1). Entonces la n-norma definida a partir de ellas, recibe el nombre de n-norma producto, y viene
dada asi:

Xy
X +y—? (X,y) € [0,0‘,]2

Vra = a+(x_f)_(};_a) (x,y) € [a,1]?

a(x,y) €Rq

2) La siguiente n-norma esta construida con un par (7, ), donde ellas no son duales. Asi, tomamos:
Tx(x,y) = xy (t-norma producto), S,, (x, y) = max{x, y} (s-norma méaxima), y a € (0, 1). Entonces la
n-norma construida usando la propiedad (e), es:

max{x,y} (x,y) € [0, a]*

a+ (- aL(y—a) (x,y) € [a,1]?

a(x,y) € R,

VP,M,a =

Este ejemplo sirve para observar que dada una n-norma V, no siempre 7,y S, son duales.

3) Sean: T, (x,y) = max{x +y —1, 0} (t-norma de Lukasiewicz), S, (x,y) = min{x +y, 1} (s-nor-
ma de Lukasiewicz) y a € (0, 1). Con ellas definimos la n-norma de Lukasiewicz, la cual queda en la
forma: (Vea fig.3, con a = 0.3 y fig.4, con a = 0.5 en [13]).

x+ysiix+y <anA (x,y)€[0,al?
VL,a(xJJ’):[x+y—1si:x+y—12a A (x,y) € [a,1]?

ae.o.c

4) Sean: T, la t-norma drastica y S,,(x, y) = max{x, y}, la s-norma maxima. Donde:

_ [0y elo,n)?
Th(xy) = {min{x, yle.o.c

Entonces la n-norma que ellas definen paraa € (0, 1), es:

max{x, y} si: (x,y) € [0, a]?
Voma(x,¥) = imin{x, y}si:(x =1 Ay>a)V(y=1Ax > a)
ae.o.c

En la seccion 5, veremos que si J es una n-norma cualquiera de elemento absorbente a, entonces:
Ve ®y) < V(x,y) V(x,y) € I’. Por estarazén a V}, ,, , se le llama la n-norma mas débil de la familia
de las n-normas de elemento absorbente a. (Vea la fig. 1, donde a = 0.5).
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Figura 1

0.8+

0.6 4
0.4+

0.2+

=
=
5) Similarmente, si tomamos 7,, ¥ S,. Donde: T}, (x,y) = min{x,y} (t-norma maxima)y

max{ x,y} si:x.y =0

1six.y # 0 (s-norma drastica).

Sp(x,y) = {

Entonces, la n-norma que definen: V,,, , viene dada asi

min{ x,y } si: (x,y) € [a,1]?
Vipa(6y) = ymax{x,y} si:(x<a)A(y=0))Vv((y < a)A(x=0))
ae.o.c
En la seccion 5, demostraremos que si } es una norma de elemento absorbente a, entonces: V(x, y)

< Vipa &, ), V(x,y) € I’. Por esta razén a esta n-norma se le conoce con el nombre de la n-norma mas
fuerte (Vea la fig. 2, también con a = (.5)

Figura 2
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6) Sean ahora: T),(x,y) = min{x, y}, S,,(x,y) = max{x,y} ya € (0, 1). La n-norma que se obtiene
de ellos es:

max{x,y} (x,y) € [0,a]?
Vininmax,a (6, ¥) = {min{x, v} (x,y) € [a,1]?
ae.o.c

Esta n-norma tiene particular importancia, por ser la inica n-norma idempotente con elemento ab-
sorbente a € (0, 1) (Vea la fig. 3, donde a = 0,5).

Figura 3

Otras propiedades de la n-norma
A) Comparacion de n-normas de elemento absorbente a
Teorema 5.1

Sea Vuna n-norma con elemento absorbente a € (0, 1). Entonces:
VD,M,a(x’ y) S V(.X', y) S VM,D,a(x1 y) V(x, y) € 12

Demostracion:

Vea teorema 3.2 en [13].

B) Dualidad de las n-normas

Definicion 5.1

Sea N una funcién de I en I. Diremos que N es una negacién fuerte si cumple lo siguiente:
(N.1)Va,b € I cona < b, entonces: N(a) > N(b) (Estrictamente decreciente).

(N.2) Va € I se cumple: N(N(a)) = a (Involuci6n).

Algunos ejemplos de negacion fuerte son:

1) N(x) = 1 —x (Negacion estandar.
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el punto fijoes: a =

1—x

2) Ngg(x) = T px (B #0,8 > —1) (Negacién de Sugeno de parametro [3)

Entre otras propiedades de la negacion fuerte tenemos las siguientes:
a)N0)=1;,N(1)=0
b) N es biyectiva y continua sobre /.

c¢) Existe un tnico punto fijo para N. Por ejemplo para la negacion de Sugeno de parametro f,

JIFp -1
—

Teorema 5.2

Sea I una n-norma con elemento absorbente a, y sea N una negacion fuerte. Entonces:

W(x,y) =N (V(N x), N(y))) (5.1), es una n-norma de elemento absorbente N(a).

Demostracion:

Vea teorema 3.3 en [13].

Definicion 5.2
Alan-norma W(x,y) = N (V(N (x), N (y))) (5.1), se le llama n-norma dual de V, y se le denota

WV, N*

Nota: si V' = W, , es decir si } es auto-dual con respecto a N, entonces: N(a) = a. De manera

que N debe tener al elemento absorbente a como punto fijo. Luego si: N(a) # a, entonces }' no puede ser
auto-dual con respecto a V.

En el teorema siguiente se da un procedimiento para construir una n-norma V’ que sea auto-dual con

respecto a una negacion fuerte N. En [7], se menciona un resultado para t-normas que puede ser usado en
el mencionado teorema.

Teorema 5.3
Dadas: la t-norma 7, la s-norma Sy a € (0, 1), entonces: V' = Vma es n- norma auto-dual respecto

a la negacion fuerte N, siy solo si:

a) N(a) = a; b) S(x,y) = N"H(T(N(x),N(y)) ) vx,y € L.
N(at) —a

Donde: N(t) = ﬁ Vit el

Demostracion:

Vea teorema 3.4 en [13].

C) Continuidad de las n-normas
La continuidad de una n-norma " estd intimamente ligada a la continuidad de 7}, y S,. En efecto

veamos los siguientes resultados (Vea teoremas: 3.5 y 3.6, respectivamente, en [13]).
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Teorema 5.4
Sean: T una t—norma continua en I°, S una s-norma continua en /°, ya € (0, 1). Entonces: Vs ©8
2
una n-norma contlnua enl’. Rec1procamente si I/ es una n-norma continua en I, entonces: 7,y S,,, son
continuas en I°.
Teorema 5.5

Sean: T una t-norma y S una s-norma, ambas continuas en I°. Sea (a,) una sucesion en (0, 1) tal
quea, T (})a € (0, 1). Entonces existe

I Visa, (6 y) =V(x,y) yV(x,Y) = Visas V0xy) € %

Luego V' es una n-norma de elemento absorbente a.

Teorema 5.6

Sea (V)% una sucesion de n-normas con elemento absorbente a,, € (0, 1) tal que:a, —a € (0, 1)
y tal que: lim,_,.. V,(x,y) = V(x,y) V(x,y) € I°. Entonces: } es una n-norma de elemento absorbente a.

Demostracion:

Por propiedades de limite, es sencillo demostrar que }” es una n-norma. Probemos entonces que a
es el elemento absorbente de V.

Seax € (0, a), luego: (x, 0) € [0,a)? y como: a, — a, entonces: existe m € N, tal que: Vn = m,
se cumple que: x < a,,. Luego:

X
V(x,0) = lim V,(x,0) = lim a,,S,, (—,0) = Xx.
n—co n—oo an
Asimismo:

a
V(a,0) = Tlll_)nc}o V,(a,0) Zgl_r)glo a,S, (a—,O) =a.

Luego: V(x,0) =x ¥x € [0, a].

Seax € (a, 1], entonces existe m € N, tal que: Vn = m, se cumple que: x = a,, o sea: (x, 1) €
[a,,1]%, y por lo tanto:

—a
V(x,1) = lim V,(x, 1) = lim (an +(1—a,)T, (1 —= 1)) =

Luego: V(x, 1) = x Vx € [a, 1]. Por lo tanto: a es el elemento absorbente de V.

D) La ecuacion funcional de Frank y las n-normas
Definicion 5.3

Diremos que U y V, funciones de * en I, satisfacen la ecuacién funcional de Frank en I°, si se
cumple que: U(x,y) + V(x,y) =x +yVx,y € [ (5.2)
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En el teorema 5.14 en [5, p.p. 131-132], se demuestra que la t-norma de Frank 7', y su s-norma dual
S, satisfacen (4.1). Asi, para: s > 0y s # 1, tenemos:

(s* = 1)(s” — 1)) 53)

T ,v) =L 1+
F,s(x y) Ogs( s—1

Ses(x,¥) = 1 — Logs (1 + (77 _51)_(511—3’ _ 1)) (5.4)

Siguiendo el resultado anterior, pudiera pensarse que hay algun par (U,V), que satisface (5.2), sien-
do U una cierta u-norma y V/, una n-norma. Sin embargo, veremos que tal par no existe.
Teorema 5.7

Sea U una u-norma con elemento neutro ¢ € (0,1), y sea V" un operador binario creciente en la
primera variable, tales que (U,V) satisfacen (5.2) en [ ?_ entonces I es conmutativo, creciente en cada
variable, y e es elemento absorbente de V.

Demostracion:
Como (U,V) satisfacen (5.2) en [ ?_ entonces:
Vi, y)=x+y-Ulx,y) =y+x—-Ul,x) =V(y,x)Vx,y el
Luego, por la conmutatividad, V" es creciente en cada componente.
Ademas: V(x,e) =x+e—-U(x,e)=x+e—x=e,Vx €l

Teorema 5.8

a) Sea U una u-norma con elemento neutro e € (0, 1), entonces no existe una n-norma }V tal que el
par (U,V) satisfaga (5.2).

b) Sea /" una n-norma con elemento absorbente a € (0, 1), entonces no existe una u-norma U tal
que el par (U,V") satisfaga (5.2).

Demostracion:

a) Supongamos que existe una n-norma }V tal que el par (U,)) satisfaga a (5.2). Por el teorema
anterior, e es el elemento absorbente de V, luego: V(0,e) = e < (0, 1) < V(e, 1) = e, 0 sea: (0, 1) =
e. Pero, entonces: U(0,1) =0+ 1-1(0,1) =1-e € (0, 1).

Lo que es una contradiccion, pues: U(0, 1) € {0, 1}, por ser u-norma.

b) Supongamos de nuevo que existe un par (U,V) que satisfaga (5.2), siendo V/, una n-norma. Lue-
go: (0, 1) = a, y entonces: U(0, 1) = 1-a € (0, 1). Lo que, de nuevo es imposible.

Veremos que si cambiamos la n-norma V/, por una operacion binaria con menos propiedades, si es
posible que haya pares (U,}), donde U es una u-norma, tales que satisfagan (5.2). Por esta razéon damos
el concepto de a-norma o norma absorbente.

Definicion 5.4

.z 2
Una a-norma o norma absorbente 4 es una funcion de I~ en I, tal que:

(a.1) A(x,y) = A(y,x) Vx,y € I. (Conmutativa)
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(a2) A(A(x,y),z) = A(x, A(y,z)) Vx,y,z € I. (Asociativa)
(a.3) Existe a € I tal que: A(x, a) = a Vx € I. (Existencia de elemento absorbente)
En [10] y [12] se dan algunas propiedades de la a-norma.

Es claro que las t-normas, s-normas y n-normas, son ejemplos de a-normas. Asimismo, sia € (0,1),
una u-norma no puede ser a-norma. Algunos ejemplos de a-normas que no son de los tipos anteriores, son
las siguientes: (@ € (0, 1)).

1) Definimos la denominada a-norma mas débil.
max{x, y} (x,y) € [0,a]?
Apin(x,y) = 0(x,y) € (a 1]2
min{x, y} e.o.c

2) La siguiente a-norma es la denominada a-norma mas fuerte.
1(x,y) € [0,a)?
Amax(x,y) = {min{x,y} (x,y) € [a,1]?
max{x,y}e.o.c

Si A es una a-norma, se cumple que: Ay (X, V) < A(x, V) < Apax (X, ¥),Vx,y € I

En el teorema 5 de [10], se hace la afirmacion que si U es una u-norma con elemento neutro ¢ €

(0,1), entonces: A(x,y) =x +y — U(x, y), es una a-norma, y por tanto el par (U, A) es una solucion de
(4.1). Sin embargo esto es falso. Veamos el siguiente contracjemplo.

Sea U la u-norma de Hamacher con A = 1:

Xy

x, v+ 10,1
U(x,y>={xy+<1—x)<1—y){ vhe 01}
Oe.o.c
Entonces A(x, y) viene dada asi:
+ i (x,y) % {01}
X - x; ’
A(x,y)={ Yora-oa-»n Y
leo.c

Pero A no es asociativa, por tanto no es a-norma. En efecto:
A(A(l 1) 2)—1679¢A 1A(1 2) _ 893
3'4)’3/ 3388 3'7\4’3/) " 1780

Asimismo en [10], se prueba que los pares (Uy»A,,i), ¥ (UesA,ee) son soluciones de (5.2).

E) Las n-normas y los operadores TR

Los operadores denominados TR o en inglés “RET”(transformaciones de relevancia) son de uso
frecuente en la Logica Borrosa Avanzada, siendo conocida la construccion de estos operadores a partir

de t-normas, s-normas y u-normas. En este literal veremos la construccion de operadores TR a partir de
n-normas.



José A. Sarabia R. 117
Revista Tecnocientifica URU, N° 6 Enero - Junio 2014 (107 - 122)

Definicién 5.5

Un operador binario / sobre I se denomina transformacion de relevancia o TR, con respecto a
¢ € I, sisatisface las siguientes condiciones:

(trl) h(0,y) =cyh(lL,y)=yVy€el

(tr2) Yy;,y, € I tales que: y; <y, se cumple que: h(x,y;) < h(x,y,) Vx € 1.
(tr3) Vy € [c,1] yVx1,x, E [ conxy < x; = h(xy,y) < h(x,,y).

(trd) Vy € [0,c] Yy Vxq, X, Elconxy < x; = h(xy,y) = h(x,,Y).

Algunas consecuencias de la definicion son las siguientes:
1) h(c,c) =c.
2) h(x,c) = c Vx € I. Luego, c es elemento absorbente diestro de /.

En lo que sigue daremos ejemplos de operadores TR construidos a partir de t-normas, s-normas y
u-normas.
Ejemplos de operadores TR.

1) Sea T(x,y) = xy (t-norma producto) y ¢ € I. Definimos: h7.(x,y) = T (x,y) + T(1-x, c). Aeste
operador se le llama TR producto.

Este operador TR se puede generalizar de la siguiente manera. Sea ¢ una funcion estrictamente
creciente sobre /, tal que: o (0) = 0y o (1) = 1. El operador: i(x,y) = a(x)y + (1 -0 (x)) ¢, también es
un operador TR.

2) Sea S una s-norma, N una negacién fuerte y ¢ = 1. Entonces: /15,y (x,y) = S(N (x),y) es un ope-
rador TR, denominado operador TR de implicacion.

3) Sea U la u-norma estandar conjuntiva de elemento neutro e € (0, 1). O sea:

_ (max{x,y} (x,y) € [e,1]?
Uty _{ min{x, y} e.o.c

Entonces el operador: i, (x,y) = Ulex,y) + e(1 —x) es un operador TR con respecto a e, llamado
operador TR estandar conjuntivo.
Operador TR definido a partir de una n-norma

En el teorema siguiente, se da el procedimiento para construir operadores TR a partir de una n-nor-
ma y una negacion fuerte, y por ende, se esta dando un método para obtener muchos ejemplos de opera-
dores TR.

Teorema 5.9

Sea N una negacion fuerte con punto fijo @ € (0,1) y " una n-norma con elemento absorbente a.
Entonces el operador / definido por:

V(x,y)siy € |a,1]
V(N(x),y)siy€[0,a]

Es un operador TR con respecto al elemento a.

hex,y) = { (55)
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Demostracion:
(trl) Seay € [a,1], entonces: 1y, (0,y) = V(0,y) = a, pues: (0,y) € R,
Similarmente, si: y € [0, a], entonces: 4,(0,y) = V(1,y) = a, pues: (1,y) € R,

Por otra parte:

he(Ly) = V(1Y) =a+ (1=l (13=) =y ¥y € a1]

he(Ly) = VIN(1),) = V(0,) = a5, (0.2) = y vy € [0,a]

(tr2) Sean: x,y,,y, € I cony, <y,. Para probar que & satisface este axioma, debemos considerar
seis casos:

1) (X:YZ) € [Ota]z; 2) (x:yl) € [0: a]z Y(xiyZ) € [0: a] X [a, 1],
3) (x:h) € [01 a] X [a, l]: 4) (XJYZ) € [a, l] X [0, a]:
5) (x:Jﬁ) € [a' 1] X [O' a] Y(xlyZ) € [CL, 1]2 ; 6) (xlyl) € [a' 1]2

Demostraremos los casos: 1), 5) y 6). Los demads se prueban en forma parecida.

1) Comoy, <,y (x,y,) € [0, al’, entonces: (x,y,) € [0, al’, (N&),y,) € R,Y (N(x),y,) € R,
luego: /1y (x,y,) = V(N(x),y,) = a (i = 1,2).
N(x) y

x—ay,—a
a ,a)_a_a+(1 a)TV(l—a’l—a)

5) hy(x,y1) = VIN(x),y,) = aSv(
=V(x,y;) = hy(x,y;) = hy(x,y1) < hy(x,y;)
6) Como también: (x,y,) € [a, 1], entonces:

hy e, y1) =V, y1) S V(x,y2) = hy(x,52)

(tr3) Sean: y € [a,1] y Vxq,x; € [ con x; < Xx,. Aqui tenemos tres casos:

D) (x2,y) € [0,al % [a,1]: 2) Cx,, ¥) € [0,a] x [a, 1]y (x5, ¥) € [a,1]%;
3) (x1,¥) € [a,1]2. Y la prueba, en cada caso, sigue en forma parecida a lo hecho en (1r2).
(trd) Sean: y € [0,a] y Vx,,x, € [ con x; < x,. De nuevo tenemos tres casos:

D (e, ) €10,al%2) (ry, y) €10,al* y (x5,y) € [a,1] x [0, al;
3) (x;,y) € [a, 1] X [0, a]. Probaremos solamente el caso 3), los otros siguen en forma parecida.
3) En este caso, tenemos que: (x,,y) € [a, 1] X [0, a], luego:
hy (x1,y) = VIN(x),y) 2 VIN(x2),¥) = hy (x2,y)
Por lo tanto 4, es un operador TR.
Ejemplo:

Con este teorema podemos construir una gran cantidad de ejemplos de operadores TR. Por ejemplo,
tomando la n-norma producto (Vea ejemplo 1, seccion 4), y la negacion estandar: N(x) = 1 —x. O sea:
a =1 Luego:

2
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x+y—2xy(x,y) €[0,1/2]?
Vix,y) =1 2xy—x—y+1(x,y) € [1/2,1]?
1/2 (x,y) € Rypz
De esta forma obtenemos:

2xy—x—y+1 (xy)e(1/2,1]x[0,1/2)u[1/2,1]?

h(x,y):{ 1/2 e.o.c

F) N-normas k-Lipschitcianas

Definicion 5.6

Denominamos funcién de agregacion, a una funcion F de I? en I, mondtona decreciente en cada
variable, y tal que: F(0,0) = 0 y F(1,1) = 1. Por ejemplo, las t-normas, s-normas, u-normas y n-normas,
son funciones de agregacion.

Asimismo, diremos que una funcion de agregacion F es k - Lipschitz (k - Lips), si existe k > 0 tal
que:

IF(x,y) — F(z,w)| < k(lx — 2] + |y — w]) (5.6) V(x,y), (z,w) € I

Cuando F cumple (4.4) diremos que es k - Lips. Para un estudio de t-normas k - Lips, vea [2], [3]
y [11].

Teorema 5.10

Sea J/ una n-norma con elemento absorbente @ € [0,1]. Ves k - Lips si y solo si lo son T,y Sy

Demostracion:

Supongamos que Ves k - Lips. Y sean: (x,y), (z, w) € I°. Entonces:

1Ty (x,y) — Ty (z,w)| =

lTla(V(a—l—(l —a)x,a+ (1—a)y)—a) —l—ia(V(a—I— (1-a)z,a+(1—-—a)w)—a)| =

1
le(a +(l-axa+(1-a)y)—V(ia+ (1 —-a)z,a+ (1—-a)w)|.

Luego: |Tv(x,y) =Ty (z,w)| < k(lx —z[+ |y —w()
Por lo tanto: Ty es k - Lips. De forma similar, demostramos que Sy, es k - Lips.

Reciprocamente, si 7Ty es k; - Lips y Sy es k, - Lips, entonces ambos son k - Lips, donde:
k = max{k,, k,}.

Para la demostracion tenemos siete casos.

) (6, ), (z,w) € [0,a]?
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En este caso, tenemos que:
x—ay—a Z—a w—a
(a+(1—a)T(l_a,m))—(a+(1—a)T(1_a,1_a))‘

Vx,y) =V(zw)l <k(x—z|+ ]y —wl

V(x,y) =V(zw)| =

2) (x’y), (Z, W) € ERa

Simplemente, tenemos: |V (x,y) —V(z,w)| =|a—a| =0
3) (x,y),(z,w) € [a,1]?

Parecido al caso 1), pero aplicando la definicién de S, -

4) (x,y) €[0,a]* y (z,w) € [0,a] x [a,1]

) Vo = sy (5.2) -, () < (£ + -2 -

k(lx =zl + (a =) < k(lx —z| + (W =) = k(lx —z + [y —w])
Luego: |V(x,y) =V(z,w)| < k(|lx —z| + |y —w|)
5) (x,y) €[0,a]? y (z,w) € [a,1] X [0, a]
La prueba es similar al caso 4).

6) (x,y) € [a,1] x [0,a] y (z,w) € [a,1]?

0L—(0L+(1—(1)TV(u W_a))‘:

|V (x,y) =V(z,w)| = T—a'1—a

—(1-a) Tv(x_a 0 )—Tv(ﬂ W_a)‘sk(lx—z|+|w—a|)=

1—-a'l—a 1—-a'l—a

k(lx—z|+(w—a)) Sk(lx—zl+(W—y))=k(|x—zl+|y—w|)

7 (x,y) €0,a] x [a, 1]y (z,w) € [a,1]?

Se prueba en forma similar a 6), usando el hecho que: T}, (@, 0) = 0.

Luego, V' es n-norma k - Lip

N-normas isomorfas

Sea ¢ una funcion estrictamente creciente de I sobre I, tal que: ¢p~'(a) = b, cona € (0, 1). Enlo que
sigue veremos cOmo se construyen n-normas isomorfas a una n-norma dada }” de elemento absorbente a.

Teorema 6.1

Sea ¢ una funcion estrictamente creciente de I sobre /, tal que: ¢~'(a) = b,cona € (0,1),ysea V'
una n-norma de elemento absorbente a.
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Entonces: V,(x,y) = q)‘l(V((p(x), go(y))) es una n-norma de elemento absorbente .

Demostracion:

Comoa € [0, 1], entonces: b € (0,1), @([0, b]) = [0,a] y @([b, 1]) = [a, 1].
La conmutatividad de V/, sigue de la conmutatividad de V. Asimismo, tenemos:

Vo (Vy e 30,2) = V(0™ (V (00,0 0),2) = 07 (V (V0@ 000), 0 )
V(G 2) = 97 (V (0. V(90 02)) =V, (2.1, 0.2),

Ademas, como: ¢, ¢~' y V' son crecientes, se cumple que V), es creciente en cada variable.

Por ultimo: Vx € [0, b), tenemos que:

Vo, 0) = 0 (M), 9(0)) = 9" (V(p(x), 0) = ¢7'(9(x)) = x, pues ([0, b]) = [0, a}.

Similarmente, como: @([b, 1]) = [a, 1], entonces: Vx € [b, 1], se tiene: V,,(x,1) = x.

Definicioén 6.1

Alan-norma V, se le llama, n-norma isomorfa a I, por medio de ¢.

Observaciones:

1) Lan-norma V" es idempotente, si y solo si, V/, lo es. Luego, de acuerdo al ejemplo 6, de la seccion
4n tenemos:

V= Vmin.max,a = Vgo = Vmin,max,b

2) Cuandoa = b, es claro que: V, =V = Vyinmaxa -

3) Con base en el teorema 6.1, podemos construir numerosos ejemplos de n-normas.

a
sz six € [0,b]
Por ejemplo, sean: a, b € (0,1),p(x) =1 ", y:

Ex six € [b,1]

x+yxy) ef0affyx+y<a
Vx,y) =qx+y—1(x,y) € [a,1]2y x + y — 1 > a- Entonces, tenemos la n-norma:
ae.o.c.

VX2 +y2 (x,y) €[0,b]? y x* + y? < b?
— b
Vop(x,y) = x+y—a(x,y)E[b,l]Znyry—lzb

be.o.c.
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4) Sean ¢ y v, dos funciones estrictamente crecientes de / sobre I, tales que: p(b) = a y w(c) =

b, donde a € [0,1], y sea V una n-norma de elemento absorbente a. Entonces se prueba en forma sencilla
que: Vyoy = (an)w y V) =y D=V

10.
I1.
12.
13.
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4. Normas de estilo

4.1 El orden a seguir para el articulo es: portada, resumen (en espaifiol e inglés), introduccion,
fundamentos teoricos, parte experimental, resultados, discusion de resultados, conclusiones,
agradecimiento y referencias bibliograficas.

4.2 El articulo debe escribirse en estilo Times New Roman tamaiio 12, el titulo tamafio 16 y las
figuras, tablas y texto subordinados tamafo 10.

4.3  Elinterlineado debe ser doble espacio a excepcion del resumen, agradecimiento y referencias
bibliograficas que van a un espacio.

4.4  El nombre de cada seccion se escribira en negritas. Estos deberan estar centrados.

4.5  Elnombre de las subsecciones se escribird en negritas a la izquierda del texto y en mayusculas
y minusculas.
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4.6

4.7

4.8

4.9

4.10

4.11

4.12

4.13

Las figuras, fotografias, diagramas y graficos deben denominarse como figuras y éstas deben
ir numeradas con numeros arabigos, asi como las tablas. Ademas, deben incluirse dentro del
texto correspondiente y con su respectiva leyenda.

La redaccion de los trabajos puede ser en espaiiol o inglés.

Las fotografias, imagenes, mapas y figuras incluidas en el documento se anexaran también por
separado en el CD-ROM con excelente calidad.

Las fotografias deben estar en blanco y negro, bien contrastadas y brillantes de un ancho méaxi-
mo de 9,5cm.

Todos los simbolos matematicos deben ser escritos en forma clara y legible, con los subindices
y superindices ubicados correctamente.

Deben ser numeradas todas las ecuaciones matematicas en forma consecutiva con nimeros
arabigos entre paréntesis y ubicados en el margen derecho.

Las citas dentro del documento se escriben con el nombre de sus autores seguido con un ni-
mero entre corchetes que corresponde a la referencia.

Ejemplo: Garcia [1], L Moreno [3, Pag. 19-24] o ubicando el nimero de la referencia sin co-
locar autor [4], si son 3 0 mas autores se escribe K. Nishimoto et al. [2].

Las referencias bibliograficas de articulos de revistas deben contener autor(es) si tiene varios
autores separarlos con comas, titulo de la revista, volumen y niimero, afio de publicacion (entre
paréntesis) y paginas. Solo deben incluirse referencias bibliograficas con autores totalmente
identificados y se escribiran por orden de aparicion de las citas.

Ejemplo: Garcia C., Marin j., Alafa J., Martinez K. y Faria J., Modelo de Nernst-Planck apli-
cado a la cinética de intercambio i6nico del siatema PO4(-3)- CI(-1) en leche, Rev. Tec. Ing.
Univ.Zulia, Vol. 30, N°. 3, (2007), 236-243.

Los libros se escriben: apellido e inicial del autor(es) con mayusculas y mintsculas.

Ejemplo: Nishimoto K. (Editor), Fractional Calculus and its Applications, Nihon University,
Tokyo (1990).

En los articulos deben emplearse unidades del Sistema Internacional: metro (m), kilogramos
(Kg), Segundo (s), entre otras.

5. Arbitraje

5.1

5.2

53

54

5.5
5.6

5.7
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El trabajo, recibido por el Editor(a), sera enviado al Comité Editorial para su revision y consi-
deracion de tres arbitros.

El método de arbitraje que sigue la revista es de tipo “doble ciego”, que consiste en que tanto
los arbitros como los autores desconocen sus respectivas identidades.

Los trabajos seran evaluados de acuerdo a los siguientes criterios: claridad, originalidad del
contenido, aportes al campo de conocimiento, coherencia del discurso, adecuada organizacion
interna, calidad de las referencias bibliograficas, adecuada elaboracion del resumen y pertinen-
cia del titulo.

En caso de recibir observaciones por parte de los arbitros, estas seran enviadas al(los) autor(es)
para su correccion. Después de realizar las correcciones, los autores devolveran la version
corregida en un CD-ROM, asi como un original impreso y tres copias.

Las pruebas de imprentan seran enviadas a los autores para la revision final del articulo.
Cuando el trabajo sea aceptado los autores seran informados del tiempo aproximado de pu-
blicacion. Si el trabajo es rechazado los autores podran remitir al Editor(a) Jefe una comu-
nicacion exponiendo argumentos a favor de su articulo. El Comité Editorial considerara las
acciones a tomar.

Cada autor principal de los articulos publicados recibira gratuitamente una (1) revista y cinco
(5) separatas.



6. Consideraciones finales
6.1  Los conceptos u opiniones emitidos en los articulos, seran de exclusiva responsabilidad de los
autores.
6.2 El Comité Editorial se reserva el derecho de los arreglos de estilo que considere conveniente.
6.3  Bajo ninguna circunstancia, la revista devolvera los originales (Impreso y CD-ROM) de los
articulos enviados par su consideracion.
6.4 Lo no previsto en las presentes normas sera resuelto por el Comité Editorial.

Nota: Ultima revisién aprobada en reunion N° 70 del Comité Editorial de fecha 11 de Octubre del 2013.
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