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Resumen

. .y .y . yo T
El trabajo trata una nueva generacion de la funcién hipergeométrica de Gauss, F’ p (a,b;c,z). Se demues-
tran las propiedades basicas de esta funcion (representacion en serie, formulas diferenciales, relaciones fracciona-
les, representacion integral, relacion de tipo Erdelyi).

Palabras y frases claves: r-funciéon hipergeométrica, funcion gamma (7,5), — funcién hipergeométrica
confluente.

On one generalization of the Gauss’
hypergeometric function

Abstract

The paper devoted to the new generalization of the hypergeometric Gauss’ function, rF i (a,b;c,z). The
basic properties of this function (the representation by series, the differential formulas, the fractional relations,
integral representations, the relation of type Erdelyi) are proved.

2000 Mathematical Classification: 33C05, 33C20, 33B15.

Key words and phrases: 7 - hypergeometric function, gamma-function, (7 ), — confluent hypergeometric
function .

Introduction

Further studying of the special functions is prospective and very useful for the different branches
of science.

The continuous development of the mechanics of solid medium, mathematical physics, probabil-
ity theory, aerodynamics, astronomy and others has led to the generalization and creation of new classes
of special functions [1], [2], [3].

It this article we consider the » — generalized Gauss’ hypergeometric function, its properties.
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Main results

Let us consider the » — generalized Gauss’ hypergeometric function in the following form:

©.p e o) — b-1 c—b-1 - 1
FP(a,b;c;z) = e _b)jt A=) (1= zt)™ (1)

><CDT r
(- t) -

where Rec>Reb >0, {Z’ ﬂ}CR >0,7-pB<Lr>0;r=0, |z|<1 Rey >Rea >0, is the classical beta-
function [5], ,@{#(...) is the (7 /) generalized confluent hypergeometric function [4]:

(c;T
((92))

T l 1 a— c—a— T
|®1’ﬁ(a;c;2)=m£t "= I‘Pl{ zt }dt, ()

where |V, (...) is the Fox-Wright function [1]. As 7= #=1,a =y in (1) we have:

F(a,byc;z) = A=) (A= zt) e "t 3
Flabie;z) = (b_b)j()<z) (3)
As = 1,7=0in (1) we have the Gauss’ hypergeometric function F(a,b,c,z) [5].

Theorem 1 (on the representation of the function F & (a,b,c;z) by the series).

As the conditions:

reCr>0;r=0,z 4)

{r.B} cR,r>0,0- <1, Rey>Rea >0

the following formula for F 2 (a,b;c,z) is valid:

7, . e — Zn

FoP(a,b;c;z) = B _b)Z( )u +pBL(b+n,c—b; r)n! (5)

where (a), is the Pochhammer’ symbol, , , B’(...) is the (t.p) - generalized beta-function [4]:
1

s Bl i) = [ (1-0" @) [a;y, j , (6)
0 o (1-1)°

here Rex>0,Rey>0,0>0,0>0, lcl)f’ﬂ (...) is the function (2). The series (5) converges absolutely as
|z‘ <1.

Proof. Using the function , , B} (x,y;r;5;®), its properties, the legality of interchanging the or-
der of integration and summation, we have:
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Let us prove absolute convergence of series (5) as |Z‘ < 1. The series (5) is the power series:

rF”ﬂ(a,b;c;z) =AY c,z",

n=0

where

1 C(a+n), zBl(b+n,c=byr) .
=, cn: =
B(b,c—b)'(a) n!

Let us consider asymptotic behavior of ¢, as n — oo. Using the formula for I' — function [5]:

1
I'(z)= \/522_5672[1 +0(z )],z >,

we receive:

I'y)>T(a+kr) F(b (a-k+n)(- r)
M)z Ty +kp) F(a+b 2k +n)k!

TﬂBg( +nb )

+n
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~ 1 X
+b—2k-+n—

y e () C()D(B)T(1-b) & T(a + k) y
e itk k) (o)’ i (Y +kpB)

l-a
™ )
0,1—y,b

where G;”:]”['__] is the G-Mejer’ function [1].

L _Torera-b . {
7 1,3
TA-b+k) k! T(a)®

By the help of formula [1]:

(7
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1-b,..,1-b,
z(l-ay,...1-a,

a,...,d, 1
Gm,n z Gmn
P4 by,

we have as n — .

B (a e nbir) = FOTOITAD) Gl{ ,y,l—b}:
C(a)n” m| «a
_IrGra-5rd-nre) _roriera-mHra-y _
I(a)n” r(l-a) () (1-a)n’ n’’

where

_Tr@ra-mHra-y)
INa)I'l-ea) ’

Consequently, as a = b,b—c—b,n— oo, (7) we get:

1
_T(a+ n)C CN2z(a+n) " 2

! nln® nln<®
sl
c, c\/ m(a+n+ 1) 270l
= lim =
n—»o |c +1| n—)oo

(n+Dl(n+1)c—b ‘

The series (5) converges absolutely as ‘z| <1.

Theorem 2. Under the conditions of existence of F A (a,b,c;z) the following formulas of differen-
tiation are hold:

d,F”ﬂ(a,b;c;z) _ab

— F"P(a+1L,b+1c+1;2), (8)
dz c
n pT.p ‘e
d”,F"(a,bic;z) = (@), (), FFT’ﬂ(a +n,b+n;c+n;z), )
dz" (c),
©.pB e
LFGhED) o FoasLbian -, F P @bies), (10)
dz
d—(z‘””_1 rF”ﬁ(a,b;c;z)) =(a),z""  F"’(a+n,b;c;2). (11)
dz"

Proof. Let us prove (9), (11). We have

danT’ﬁ(a’b;c;Z) dn j c —b— ](1 Zt)
dz" B(bc b)y

% 7.p e 1 b+n-1 c—b-1 —a
> (“’y’ (- r)j ] Blb.c —b)J (o=
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X, D (a; y;—L)(—a)(—a “).(—a—n+1)(=1)"dt =

t(1-1)
_@,®), F"P(a+n,b+;c+n;z);
(),

n n 0 a+n+k-1
d—(z“+"+1,F”ﬁ(a,b;c;z))= d ;Zf(awk)z X
dz" dz"\ B(b,c-b) o k!

1 0

x, s BL(b+k,c—b;r)= zr(a+k)f,ﬁB§(b+k,c—b;r)x

B(b,c-b)I'(a) k=
a+k-1

k!

X

(a+n+k-D(a+n+k-2)..(a+k)=

= (a),z""  F"’(a+n,b;c;z).

Theorem 3. Forz,re Cpr>0;r=0,z| <1;{z,f} CR,, - <1, {ab,c} C C,Rey>Rea > 0,Rec
> Reb > 0 the following functional relations are valid:

rFr’ﬁ(a +1L,b;c;z)— rFT’ﬁ(a,b;c;z) =
=észT’ﬁ(a+1,b+l;c+1;z), (12)
C

b F*P(a,b+1lic;z)+(c—b—1), F*’(a,b;c;z) =

=(c—1),F""(a,b;c-1;z). (13)

Proof. Let us prove (13). Using (2):

b F*P(a,b+1;c;2)+(c—b—1), F"F(a,b;c;z) =

1 lb -b-2 - B r
= r’(1-0° 1—zt) 77| ay;— dt +
B(b+1,c—b—1);[ O R s

o 1
_ C b 1 tb_l (1 _ t)c—b—l (1 _ Zt)_a lq)lf,ﬂ ay;— r dl‘ =
B(b,c—b)y ((1-1)

. C
B(b,c—b-1)

A=) (1= 2t) 7P| gy ——— |dt =
_[()()11 7t(1_t)
=(c—1),F"?(a,b;c—1;z2).

Theorem 4. In the case of fulfilling of the conditions of existence of F wh (a,b;c,z) the following

integral representations for F A (a,b;c,z) are valid:

2 T(chw)2a—20+1 (Sha))Zb—l y

JF™P(a,b;c;2) = 5 >
B(b,c—=b)y, (ch"®—zsh"w)’
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X1®f’ﬂ[a;7;—rc:zw]dw, (14)
sn-w
b—a © 2a-2c+l1 2c—a—b-1
R i R
,C—
0 (1—z+lch9)
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N L@S 4o, (15)
2(ch@-1)

0

FoP(a,b;c;2) = —B(b ! 5 Ieibt (- )" 1-ze") x

,C— 0

—e

t
xld)f’ﬂ{a;y;—l re _t}dt. (16)

Proof of these relations can be straightforward make using in (1) the such changes of variable
respectively:
sh*w 2 -
. t= : t }
ch”@ chf +1

t=

Theorem 5. (The relation of type Erdelyi for .F wh (a,b;c;2))
As the conditions (4) for F 2 (a,b;c,z) the following relation is hold.:

FP(a,b;c;z)=(1-2)" F’ﬁ(ac b;c; Zj (17)

z—1
Proof. Using (1) and the substitution
t=1-v
we receive:

rF”ﬂ(a,b;c; z)= b 1yebt a —le)‘“ X
Z —

B(b,c —b)j(

x(1=2)™, O | a;7;— ! dv=
(I-2)",0, [ 4 (l—v)vjv

1-z)" 1. c—b-1 -a
(( z)’ J'( b Vb (1_:‘}) N

qu)lr,ﬂ (a;;/;

z—1

dv=(»1-z ©f b2 .
(_)JV ( )¢ F (a,c b;c; j

Here: 1—2(1—v)=(1—z)(1—iv).
z—1
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